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Abstract

This paper uses a search-theoretic model to study conditions under which cryptocurrency is
valued and under which it coexists with fiat money. In my model, a cryptocurrency economy is
one in which private agents’ decisions determine the stock of money and in which the marginal
cost of producing money is increasing in the existing nominal stock. I show that the inflation
rate of cryptocurrency must be zero in a stationary monetary equilibrium. This result is in
sharp contrast to models with fiat money in which the stock of money is exogenously given. In
fiat money economies, the inflation rate is determined by the rate of growth of the money stock.
My result is also in sharp contrast with other types of private money economies, in which the
inflation rate must necessarily be different from zero. In such private money economies, the
cost of producing additional money does not depend on the existing nominal stock. Moreover,
I show that cryptocurrency and fiat money can circulate at the same time and that the rates of
return on these two assets may not be the same. Competition with cryptocurrency restricts the
government’s ability to over-issue fiat money and thereby might improve on pure fiat money
equilibria without government commitment.
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1. Introduction

The emergence of Bitcoin has triggered a large wave of public interest in cryptocurrencies.
Unlike most common forms of fiat currency such as dollars or euros, cryptocurrencies are not backed
by a central bank or any government authorities. As predetermined by a computer algorithm, the
new cryptocurrency is produced by computer servers (“miners”) who are willing to solve compli-
cated computational problems using programming efforts. The predetermined program algorithm
makes cryptocurrencies costly to produce, and the number of new cryptocurrencies that can be
produced is decreasing in the total money stock (e.g. Bitcoin, Litecoin). This deflationary property
of cryptocurrency may preclude the over-issuance problem, which happens to fiat money when
government tends to raise its seigniorage by over-issuing money (see, e.g., Araujo and Camargo
(2006, [2008)).

There has been growing interest in cryptocurrencies, and this growing interest raises several
questions: Under which conditions can this currency be valued in equilibrium? Can it provide price
stability? Under which conditions can it coexist with government-issued fiat money? Would this
privately-issued currency be welfare-enhancing? The goal of this paper is to provide a theoretical
framework to address these issues.

To that end, I first develop a search-theoretic model of an economy with a privately-produced
money—cryptocurrency. My framework builds on the workhorse model of monetary exchange by
Lagos and Wright| (2005) and adds a new type of private agents—profit-maximizing miners—who
are the sole issuers of cryptocurrency. The Lagos-Wright (LW) framework is particularly insightful
for addressing currency issues because the acceptability of a medium of exchange is determined
endogenously in equilibrium, and it is amenable to analysis and allows me to incorporate a miner
sector while keeping the distribution of currency holdings analytically tractableE]

My model highlights two key attributes of cryptocurrency: it is private money, and it is costly
to produce. Its supply is endogenous and driven by the production decisions of miners, who have
access to a costly mining technology that recognizes the legitimacy of cryptocurrency. The cost
of producing additional cryptocurrency increases not only in the number of new units, but also in
the aggregate nominal stock. This is a key feature that makes cryptocurrency different from other
types of private money in the literature, e.g., bank notes, since the production cost of those private
monies is independent of their existing nominal stock. These assumptions are intended to capture

the deflationary property of cryptocurrency. For example, when producing Bitcoin, there are costs

'Kiyotaki and Wright| (1989, 1993) are the first-generation search-theoretic models that incorporate a double-
coincidence problem with indivisible money and output to show the essentiality of a medium of exchange. |Shi| (1995)
and |Trejos and Wright| (1995) relax the assumption of indivisible goods and endogenize prices. The assumption
of indivisible money is relaxed in |Lagos and Wright| (2005). Surveys and summaries of the literature which study
currency issues in the search-theoretical environment are provided by Williamson and Wright| (2010), Nosal and
Rocheteau|(2011), and [Lagos et al.|(2017).



associated with the production, such as computer power and electricity, and the new bitcoin mining
rewards halve every 210,000 blocks Thus, the cost of mining the same amount of bitcoin gets
more expensive as more bitcoin is mintedﬂ In the real world, however, there are myriad cryptocur-
rencies with different supply rules. For example, similar to Bitcoin, Litecoin and Handshake have
a maximum attainable supply through halving new coin rewards after reaching a certain supply
level. There are also some cryptocurrencies with no maximum supplies, including Ethereum and
Dogecoin. Furthermore, the supply of some other cryptocurrencies is hard to quantify, for instance,
Terra, which is minted and burned to maintain a 1:1 value with the U.S. dollarﬂ My model applies
to cryptocurrencies whose marginal production costs depend on their nominal stock of money—a
property of mainstream cryptocurrencies in the real world, such as BitcoinE] More broadly, my
model is applicable to any intrinsically worthless object that can be privately produced via a costly
technology and serve as a medium of exchangeﬁ

Moreover, I model the cryptocurrency law of motion by assuming that the stock of cryptocur-
rency in each period is determined by both the newly produced units and the depreciation from the
last period. The amount of new cryptocurrency is endogenously determined by miners’ decisions,
while the depreciation is modeled to capture the loss of cryptocurrency. In particular, I assume that
a proportion of the cryptocurrency holdings from the last period will be lost in each period. These
assumptions are intended to capture the idea that cryptocurrency is more vulnerable to being lost
because people sent it to a wrong address, or lost or discarded their device, or forgot their password

which has complicated strings, etc Unlike most types of the medium of exchange, such as cash or

2Bitcoin block is used to store the bitcoin transaction information. Miners who successfully mine a new block are
rewarded through an amount of new bitcoin. The bitcoin reward is halved every 210,000 blocks, which takes around
four years to complete. See more on: https://www.investopedia.com/terms/b/block-reward.asp.

3Conceptually, gold has this in common with Bitcoin given its limited amount, making the production costs of gold
depend on its existing stock. However, there are several differences between gold and cryptocurrency in this paper: (1)
Gold is not intrinsically worthless and has fundamental values in use; and (2) Gold can be reused after it is lost and,
therefore, it has a much lower or nearly no loss/depreciation rate. As a result, the gold economy cannot have the analog
of the non-monetary and non-stationary equilibria, which are driven by the zero fundamental value. Likewise, in the
case of the gold economy, there is no monetary equilibrium with a stable price and constantly newly produced units,
which is driven by the cost function and positive depreciation rate.

4Some types of cryptocurrency destroy or burn a section of its supply on purpose, e.g., Terra and Binance Coin, to
reduce the total amount in circulation. See more on https://www.investopedia.com/tech/cryptocurrency-b
urning-can-it-manage-inflation/.

> As of June 2022, Bitcoin accounts for 47% of the cryptocurrency market capitalization, according to CoinMarket-
Cap. See more on https://coinmarketcap.com.

There has been literature on other cryptocurrency issues related to the double-spending problems, competitive
mining process, or transaction fees (e.g., {Iwasakil (2020) and |Chiu and Koeppl (2019)), and on its role as a speculative
asset (e.g., Zhou| (2020)). Since in my model, cryptocurrency is produced according to a technology that allows its
recognizability as legitimate, issues related to double spending, recognizability, or counterfeiting are not relevant in
the context of the model environment.

7 According to Chainalysis, a blockchain analysis company, about 23% of the bitcoin currently in circulation may
be lost forever. See https://medium.com/luno-money/where-do-1lost-bitcoins-go-7e8dd24abd®f for
more information on the issue of cryptocurrency loss.
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https://www.newsbtc.com/2017/11/26/chainalysis-up-to/
https://medium.com/luno-money/where-do-lost-bitcoins-go-7e8dd24abd0f

commodity money like gold, which can be reused after getting lost, once a cryptocurrency is lost,
it might be lost forever, and other people cannot reuse it

In the economy with cryptocurrency only, I show that given that the marginal production cost
increases in the existing nominal stock of money, the inflation rate must be zero in a stationary
monetary equilibrium. My result is in sharp contrast to models with fiat money in which the stock
of money is exogenously given, e.g., [Lagos and Wright (2003, 2005). In fiat money economies,
the inflation rate is determined by the rate of growth of the money stock, and it can be different
from zero as long as the stock of money changes over time. My result is also in sharp contrast with
other types of private money economies, in which the inflation rate must necessarily be different
from zero, e.g., Ferndndez-Villaverde and Sanches| (2018)). In their private money economy, the
production cost is independent of the existing money stock, and there is no currency depreciation.
Profit-maximizing producers always have an incentive to create an additional unit of money and,
thus, a monetary equilibrium necessarily has inflation. Their result does not hold in my cryptocur-
rency economy. Intuitively, in order to have an inflationary equilibrium, the aggregate nominal
stock of cryptocurrency must be increasing. In my model, however, the marginal production cost
increases in the aggregate nominal stock of money. It follows that, if the money stock goes up,
the marginal cost increases, thereby weakening miners’ incentives to mine and contradicting the
supposition. Therefore, the inflationary equilibrium cannot be sustained. Likewise, a deflationary
equilibrium requires that the nominal stock of cryptocurrency declines. Such an equilibrium cannot
arise because it is inconsistent with the rising production incentives on the part of the miners. Thus,
the price and stock of cryptocurrency must remain constant in a stationary equilibrium, and all the
newly produced units replace the depreciated currency each period.

Next, to explore the coexistence of cryptocurrency and fiat money, I extend my cryptocurrency-
only model by adding government-issued fiat money and multiple decentralized markets into the
economy. Fiat money differs from cryptocurrency in the issuers, supply rules, production costs, and
probabilities that agents visit the markets where sellers accept that currency as a payment method.
Fiat money is costless to produce, and is exogenously supplied according to a deterministic growth
rule. Each period agents randomly enter one of the three decentralized markets: DM1, DM2, and
DM3, which differ in the currencies that can be used for transactions. Specifically, agents can only
trade with fiat money in DM1, e.g., transactions that accept cash only or involve the government
authorities; agents can only trade with cryptocurrency in DM2, e.g., online Bitcoin stores or black
markets where fiat money is not used; and agents can trade with both currencies in DM3, e.g.,
AT&T, PayPal, Microsoft, etcﬂ This market structure is analogous to that of the two-currency,

8The lost cryptocurrency cannot be reused since the lost passwords cannot be restored and the transactions cannot
be reversed. Stolen bitcoin does not count as loss/depreciation because the thieves have access to it. For literature on
identity theft and currency security, see, e.g.,|He et al.| (2005)), [ Kahn and Roberds| (2008), and |[Kahn et al.| (2020).

9See more on https://bitpay.com/directory and https://99bitcoins.com/bitcoin/who-accepts/.
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two-country search models for studying international currencies and exchange rates, e.g., Zhang
(2014)) and [Zhu and Wallace (202()) The assumption of currencies with different degrees of ac-
ceptability in markets is akin to the cash-in-advance assumptions in|Lucas| (1982), which constrain
agents to use one type of currency in a particular trade.

Similar to what happens in multiple-fiat currency models, e.g., [Camera et al. (2004) and
Engineer (2000), there are currency regimes with neither, both, or only one of the currencies that
are valued in the economy of cryptocurrency and fiat money, depending on the fundamentals and
parameters of the model. Though the probability that agents visit each decentralized market is
exogenous, the acceptability of a currency is endogenous in the following sense. There exists an
equilibrium in which there are no markets where fiat money is used for transactions, including
DM1; there exists an equilibrium in which there are no markets where cryptocurrency is used,
including DM2; and there exists an equilibrium in which both currencies are circulating. However,
different from traditional two-fiat currency models, where rates of return on two currencies cannot
be different if both currencies are in circulation, e.g., Kareken and Wallace| (1981), cryptocurrency
and fiat money can coexist regardless of their rates of return in my model. That is because each
currency is essential in some decentralized meetings, agents will choose to hold both currencies in
order to smooth their consumption in all decentralized markets, so long as neither currency is too
costly to carry. Thus, a low-return currency can coexist with a high-return currency.

Moreover, my model of cryptocurrency and fiat money has a novel difference, compared to
other models of currency competition with payment acceptability constraints, e.g., [Zhang (2014)
and [Zhu and Hendry| (2019). In their models, the cost of carrying one currency is tied with the
exogenous growth rate of the money supply; while in my model, the cost of carrying cryptocur-
rency depends not only on the exogenous parameters, such as currency depreciation, but also on the
endogenous production decisions of miners, which rely on the cost function and further affect the
price path of cryptocurrency in equilibrium. Due to the shape of the cryptocurrency cost function,
a monetary equilibrium with coexistence is consistent with a zero inflation rate in cryptocurrency.

Further, when there exists a market where both currencies can be accepted, the real values of
cryptocurrency and fiat money are interdependent, and the substitution between two currencies put
constraints on government monetary policy. Specifically, when one currency becomes more costly
to hold or less useful in decentralized markets, agents would demand less for that currency and
instead substitute the other currency for transactions. As a result, the real value of that currency
decreases, whereas the real value of the other one increases. In particular, cryptocurrency becomes

more costly to carry if it is lost at a higher rate or its marginal production cost diminishes, whereas

10The earliest two-country, two-currency search-theoretic environment was proposed by Matsuyama et al.| (1993).
Zhou| (1997)) develops it by allowing for currency exchange. There are many papers in the search literature that look
at multiple-currency issues with the invisibility assumption on currencies. However, they are not suitable to analyze
monetary growth and inflation. See|Craig and Waller| (2000) for a survey of search literature on multiple currencies.



fiat money becomes more costly to use if it is issued at a higher growth rate. A currency becomes
more useful when its acceptability degree gets larger. Even under the case that cryptocurrency, in
some sense, inferior in production costs and degrees of acceptability in decentralized markets, it can
coexist with fiat money, an asset that is more acceptable and costless to produce, when appropriate
monetary policy is implemented. As the inflation rate of cryptocurrency is zero in a stationary
monetary equilibrium, the competition with cryptocurrency restricts the government’s ability to
over-issue fiat money for raising its seigniorage.

To further support the point where the monetary policy is constrained when fiat money
competes with a private currency that is costly to produce, my model generates the Laffer curve
and captures its changes with the introduction of cryptocurrency. The Laffer curve shows that
the steady-state seigniorage first rises and then falls with increasing inflation because the higher
inflation lowers the purchasing power of fiat money and thus discourages agents from holding it.
As a result, there exists a fiat money growth rate that maximizes seigniorage earnings. In my
two-currency economy, agents have a probability of entering the market where cryptocurrency is
accepted alongside with fiat money. Compared to the fiat money economy, the Laffer curve with the
introduction of cryptocurrency shrinks, and the government’s seigniorage decreases. In particular,
the peak of the Laffer curve shifts down and to the left, and the seigniorage-maximizing level of
the money growth rate falls. The larger the market size in which both currencies can be accepted,
the lower the seigniorage-maximizing money growth rate and the fewer seigniorage earnings when
inflation rises.

The way that cryptocurrency can affect the circulation of fiat currency raises a question:
should the government ban cryptocurrency? In the real world, there are many countries with dif-
ferent attitudes toward cryptocurrency and its regulations. While a number of countries like China
have banned crypto mining, most countries like the United States and Canada hold a more neutral
attitude towards cryptocurrency There also have been some countries, such as The Bahamas and
Nigeria, that decided to create their own central bank-controlled digital currencies to compete with
cryptocurrencyE] Since the mining process of cryptocurrency requires large amounts of energy, it
leads to concerns about energy waste and its negative impact on the environmentE] On the other
side, currency competition can be helpful in calming inflation and preventing the manipulation of

interest rates and prices by the governmentE] My model suggests that whether or not the introduc-

'Here is a list of countries where Bitcoin is banned or legal: https://cryptonews.com/guides/countries-
in-which-bitcoin-is-banned-or-legal.htm.

12See https://fortune.com/2022/01/13/9-countries-central-digital-currencies-crypto/.

B3For example, members of the European Union Parliament recently proposed to ban the use of energy-intensive
cryptocurrencies. See more on https://www.coindesk.com/policy/2022/02/24/eu-parliamentaria
ns-push-to-limit-bitcoin-use-over-energy-concerns/. For more information on energy issues, see
https://www.nytimes.com/2022/03/22/technology/bitcoin-miners-environment-crypto.html.

“For more information on discussions about whether or not cryptocurrencies interact with inflation and monetary
policy, refer to https://voxeu.org/article/monetary-policy-world-cryptocurrencies and see


https://cryptonews.com/guides/countries-in-which-bitcoin-is-banned-or-legal.htm
https://cryptonews.com/guides/countries-in-which-bitcoin-is-banned-or-legal.htm
https://fortune.com/2022/01/13/9-countries-central-digital-currencies-crypto/
https://www.coindesk.com/policy/2022/02/24/eu-parliamentarians-push-to-limit-bitcoin-use-over-energy-concerns/
https://www.coindesk.com/policy/2022/02/24/eu-parliamentarians-push-to-limit-bitcoin-use-over-energy-concerns/
https://www.nytimes.com/2022/03/22/technology/bitcoin-miners-environment-crypto.html
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tion of cryptocurrency would improve welfare depends on the acceptability of cryptocurrency and
the government’s ability to commit to maintaining the targeted fiat money growth rule. Banning
cryptocurrency can clearly save the resources used in its production, but it may worsen the total
welfare of the economy. One reason for this is that, in the absence of cryptocurrency, agents would
only trade using fiat money in decentralized markets, thereby missing out on the trade surplus in the
market where only cryptocurrency is accepted. In that case, if the government tends to overissue
fiat money, there would be additional welfare loss from consuming less output. However, if cryp-
tocurrency is not widely accepted and the government can maintain sufficiently low inflation, then
banning cryptocurrency would be welfare-enhancing. There would be welfare gains from avoiding
resource waste associated with producing cryptocurrency and from consuming more output, which
would outweigh the welfare loss from no trade surplus in the market where only cryptocurrency is
used. As cryptocurrency is consistent with zero inflation in a stationary equilibrium, the govern-
ment that tends to use the inflation tax would have a strong incentive to ban cryptocurrency.

My paper is related to two branches of a large literature on multiple currencies that are com-
peting as media of exchange. One branch is the literature where no currency is privately produced,
e.g., Kareken and Wallace (1981). The other branch, where my paper belongs, is the literature
where at least one of those currencies is privately produced, e.g., Lagos and Rocheteau| (2008).
Different from these currency competition models in which two assets can coexist only if they have
the same rate of return, my model shows that fiat money and cryptocurrency can coexist and that the
rates of return on these two assets may not be the same. This is driven by the payment acceptability
constraints in decentralized markets. Thus, each currency is essential in some transactionsE]

There is a growing literature on cryptocurrency issues. For instance, Schilling and Uhlig
(2019)) analyze the price dynamics of Bitcoin. They show that bitcoin prices form a martingale, and
the risk-adjusted real return on Bitcoin and the dollar has to be identical when both currencies are
simultaneously in use. You and Rogoff|(2019) study the competition between online retailer-issued
tokens and bank debit accounts, and focus on issuers’ sale and issuance strategies. My emphasis is
different from theirs. I focus on the coexistence of cryptocurrency and fiat money in a stationary
equilibrium, and I show that the two currencies can coexist with different rates of return. In addition,
my paper has it in common with Choi and Rocheteau| (2020b)) and [Zhu and Hendry|(2019) that two
competing currencies have different degrees of acceptability in decentralized meetings. However,
one of the central points of my paper is to answer the question: If cryptocurrency is costly to
produce and the aggregate new cryptocurrency is endogenously determined by miners’ decisions,
what sorts of equilibria are possible? In contrast, the aggregate mining rate of cryptocurrency

is exogenously determined in |Choi and Rocheteau (2020b), and the private money is costless to

https://freopp.org/how-bitcoin-protects-americans-from-inflation-407522ebe391.
Hu and Rocheteau| (2013) provide a summary of approaches that explain different rates of return across assets.
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produce in|[Zhu and Hendry|(2019). Therefore, these papers cannot have an analog of the monetary
equilibrium in which the price of cryptocurrency must be constant.

My paper is also related to an extensive literature on currency competition where the issuers
of private money are costly operating sectors, e.g., banks. He et al. (2008) and Chari and Phelan
(2014) develop an economy where fiat money and bank deposits serve as means of payment. In the
former paper, cash is low-cost but subject to theft, while bank deposits are in safekeeping, but the
bank is costly to operate. They show that with exogenous theft, there is no concurrent circulation
of both currencies. In the latter paper, bank deposits serve a socially useful insurance role and are
privately useful because the bank pays interest on deposits, but banks are costly and subject to bank
runs. The authors show that there is no equilibrium in which fiat money and bank deposits coexist.
My results are different from theirs. Cryptocurrency can coexist with fiat money in equilibrium,
even if it is costly to produce. Moreover, unlike those papers with fractional reserve banking, there
is no reserve requirement in my model, and the cryptocurrency that is produced by miners is not
associated with any promise to exchange for goods or assets in the future.

The rest of this paper proceeds as follows. Section[2]lays out a monetary environment of an
economy with cryptocurrency only. Section [3] studies the equilibrium of the cryptocurrency-only
model. Section [] presents an environment with cryptocurrency and fiat money in the economy.

Section 5] explores the equilibrium condition of the two-currency model. Section [6]concludes.

2. A Model of Cryptocurrency Only

There are three types of infinitely lived agents in the economy: buyers, sellers, and miners.
Each of them are populated with a [0,1]-continuum, and agents’ types are permanent. Time is
discrete and continues forever. Agents discount the future between periods with a discount factor
B € (0,1). Each period is divided into two sub-periods, in which different economic activities take
place. Figure 1 summarizes the timing of events in a typical period.

In the first sub-period, all agents interact in a frictionless centralized market (CM). Agents
want to consume a numéraire good, called the CM good, but only buyers and sellers are able to
produce it using a linear production function in labor, i.e., one unit of labor produces one unit
of the CM good. Miners produce cryptocurrency according to a costly technology that allows its
recognizability as legitimate, and immediately sell the newly produced units. All agents adjust
their cryptocurrency holdings by producing or consuming the CM good, and the utility from the
CM good is linear in consumption and production for all agents.

In the second sub-period, miners remain idle. Sellers and buyers meet pairwise and at random

in a decentralized market (DM). In particular, a buyer is randomly matched with a seller with the



probability o € (0,1) and vice VersaE] The consumption good that is produced and traded in the
decentralized market is called the DM good. Sellers can produce the DM good using a divisible
technology that requires effort as an input, but they do not want to consume; buyers want to con-
sume the DM good but cannot produce. Miners neither consume nor produce the DM good. Since
buyers and sellers anonymously meet in the decentralized market, their trading histories are private
information and credit cannot be used. Thus, a medium of exchange is essential for trading, see,
e.g., Kocherlakotal (1998)) and Wallace (2001). In each match, the terms of trade are determined by
a take-it-or-leave-it offer by a buyer. Specifically, the buyer offers the seller a trade of d; units of

cryptocurrency for ¢; units of the DM good, and the seller can accept or reject the buyer’s offer.

Figure 1: Timing of Events in a Typical Period

CM —— DM —— CM

Centralized Market (CM) Decentralized Market (DM)
The first sub-period The second sub-period

| All types of agents | Only buyers and sellers |

t 1 T t+1
Buyers and sellers produce the CM good Sellers produce the DM good but do not consume
Miners produce the cryptocurrency Buyers consume the DM good but cannot produce
Agents trade the CM good The terms of trade are determined in a match
Agents adjust their currency holdings Buyers and sellers randomly match

with the probability o € (0, 1)

All consumption goods are non-storable and perfectly divisible. The perishability of CM and
DM goods prevents them from being used as means of payment. Let z; € R denote an agent’s
net consumption of the CM good, and ¢; € R, denote an agent’s consumption of the DM good.
The preferences of a typical buyer, seller, and miner are represented by the following quasi-linear

instantaneous utility functions:

Ub(xf, Qt) = xf + U(Qt)

18Cameral (2000) models two matching technologies that agents can choose from: costless bilateral matching
technology, which matches traders according to a random process, and costly multilateral matching technology, which
allows deterministic matches but incurs utility costs.



where b, s, i refer to a typical buyer, seller, and miner, respectively. The function u(¢;) : Ry — R
denotes the utility function of a buyer to consume ¢; units of the DM good, and w(¢;) : Ry — R,
denotes the cost function of a seller to produce ¢; units of the DM good. The functions u(¢;) and

w(qy) satisfy the following assumption.

Assumption 2.1. The functions u(-) and w(-) are twice continuously differentiable, such that
u'(q) >0, v'(q) <0, w(q) >0, W (q) > 0, and satisfy u(0) = 0, v/(0) = oo, w(0) =
0, w'(0) =0, w(0) =0.

2.1. Cryptocurrency

A medium of exchange is supplied only in the form of cryptocurrency. Its supply is en-
dogenous and driven by the production decisions of profit-maximizing miners. Let M, denote the
aggregate nominal stock of cryptocurrency in period ¢. Each period, a typical miner 7 produces 4!

units of new cryptocurrency with the cost ¢(d?, M;_;), which satisfies the following assumption.

Assumption 2.2. The cost function of producing cryptocurrency, c(0;, M;_1) : R* — R, is in-
80(5§7Mi—1) 620(6§7Mt—1) 80(5§7Mi—1)
o >0 —ap 0, =oir— > 0,

> 0, > 0.

creasing, convex, and twice differentiable, i.e.,

02%c(88,My_1)
OM;_108}

820(6%.7Mt71)

and has positive cross derivatives, i.e., BTN,
TOM,

The cost of producing additional cryptocurrency increases not only in the number of new units,
but also in the aggregate nominal stock. This assumption is intended to capture some important
properties of cryptocurrency production costs in the real world. In the case of Bitcoin, for example,
the mining process is exceptionally energy-intensive. Miners get new coin rewards through solving
complicated computational problems using computers and servers that are programmed specifically
for this purpose, with costs rising with computing power and electricity use. The difficulty level of
those computational problems rises with the increased production, and the new coin rewards get cut
in half when a certain amount of supply is reached, which causes the cost of producing additional
units to increase in the aggregate supply This is a key feature of cryptocurrency that distinguishes
it from fiat money and other types of private money, e.g., bank notes, since the production cost of

those monies is independent of their existing stock.

"In reality, the production cost of Bitcoin is complicated to calculate. For instance, a miner’s production cost also
depends on the comparison of the computational power of the capital that the miner uses and that of all other miners.
For more information on bitcoin production costs calculation, see https://www.coinwarz.com/mining/bitcoi
n/calculator/and https://medium.com/capriole/bitcoins-production-cost-88d889462ea7.
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The net circulation of cryptocurrency in each period is determined by both the newly produced

cryptocurrency and the depreciation, such that:
My =My + Ay — My, Ay >0, M_; given. (1

The aggregate new cryptocurrency, 4\, is endogenously determined by miners’ production deci-
sions, and the currency depreciation, kM, _;, captures the lost cryptocurrency, which cannot be
reused by other peopler_g] I assume that in each period, a proportion x € (0, 1) of the cryptocurrency
stock from the last period will be lostE;]

Cryptocurrency is perfectly divisible, recognizable, and non-counterfeitable. It is also intrin-
sically worthless and is not associated with any promise to exchange for goods in the future@ An
agent is able to predict miners’ production behaviors by solving their maximization problems and
form beliefs about the exchange value of cryptocurrency in current and future periods. Let p; € R

denote the value of cryptocurrency per unit in terms of the CM good in period ¢.

2.2. Buyers and sellers

First, I describe the problems of buyers and sellers in the cryptocurrency economy. They

interact in both the centralized and decentralized markets in each period.

2.2.1. The Centralized Market Problems

In the first sub-period, a typical buyer b and seller s enter the centralized market with m?_, and
my_, units of cryptocurrency from the last period, respectively. In the market, a certain fraction,
k, of the cryptocurrency holdings that an agent brings to the market is lost. A typical buyer and
seller choose their net consumption of the CM good, #¥ and z, and cryptocurrency holdings, m?
and my, to bring forward to the decentralized market, respectively. The maximization problems of
a buyer and seller in the centralized market are represented by:

Wi(ml_))=max af +V/(m), st. zl+pm]=p(1—rm,, je{bst @

J J
Xy, My

¥In Appendix [B| I alternatively model the cryptocurrency security as theft instead of loss. In that case, thieves
have access to the stolen cryptocurrency. I show that there is a unique stationary monetary equilibrium, and no
cryptocurrency is produced in equilibrium.

19Unlike modeling the currency depreciation as loss, Qiao and Wallace (2020) model the currency physical depre-
ciation as worn currency and study the ways of financing the costly replacement of depreciated currency.

20Different from cryptocurrency, there is value in use for commodity monies, such as gold and silver. For example,
jewelry can be made from gold.
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where th (m{_l) denotes the value function of an agent beginning a period in the centralized
market with m{,l € R, units of cryptocurrency from the last period, and th (m{ ) denotes the
value function of an agent entering the decentralized market with m; € R, units of cryptocurrency
that are chosen to carry forward, j € {b, s}.

The above CM value functions can be rearranged as:
Wi (mj_y) = pi(1 = k)mi_y + W} (0), j € {b,s} (3)

where W7 (0) = max, e, — pem + V7 (m?). Due to the idiosyncratic trading shocks in decentral-
ized meetings, agents begin a period with different cryptocurrency holdings. Under the quasi-linear
preferences, an agent’s choice of cryptocurrency holdings in each period is independent of the ini-
tial cryptocurrency holdings when entering the centralized market and the cryptocurrency loss.
Thus, the distribution of cryptocurrency holdings is degenerate to all agents of a given type at the

beginning of each second sub-period.

2.2.2. The Decentralized Market Problems

In the second sub-period, buyers and sellers enter the decentralized market with their chosen
cryptocurrency holdings, m? and m, respectively. A buyer randomly matches with a seller with
the probability o € (0, 1) and vice versa. In a match, the buyer makes a take-it-or-leave-it offer to

the seller over the terms of trade, (¢, d;), which is given by the solution to:

e u(g) + AW (mf — d)

qt,at
st —w(g) + BWE (ms + dy) > BWE,, (m?) @
dt S m;’

The first constraint is the seller’s participation constraint, and the second one is the buyer’s liquidity
constraint. If the seller accepts the offer, then the seller produces g; units of the DM good with costs
w(q:), whereas the buyer consumes ¢; units of the DM good with utilities u(q;) and transfers d;
units of cryptocurrency to the seller. In the next period, the cryptocurrency holdings that the buyer
and seller bring to the centralized market will be changed to m? — d; and m; + d;, respectively.

Otherwise, with the probability 1 — o, a buyer and a seller are not matched. Then the buyer
and seller proceed to the next period with the same cryptocurrency holdings that they bring into
the decentralized market, m?, j € {b, s}.

The DM value functions of a typical buyer and seller are represented by:

VP (mg) = max ofu(g,) + BWEa(my — dp)] + (1 = ) W (my) (5)
Vid(my) = ol=w(gq) + SWZ (my + di)] + (1 = 0) W (m7) (6)
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2.2.3. The Optimal Cryptocurrency Holdings

Following Assumption[2.1]and (3)), the optimal cryptocurrency holdings of a buyer and seller

are given by the solutions to:

Wy (mi_y) = r?gg —(pe = peraB(L — w))my{ + v, (my) (7
W (mi_y) = m@gﬁ —(pt = pe1B(1 — K))mi +0 ®)
olu(g”) — w(g)] if mizm;

where v;(m?) =
here UM =\ oful@(md) — w(@(md)]  if mb < m

Intuitively, in the centralized market, a buyer and seller choose cryptocurrency holding to maxi-
mize their expected surplus from using them in the decentralized market (the second terms on the
right-hand side (RHS) of (7) and (8)) net of the costs of carrying them (the first terms on the RHS).
Cryptocurrency is costly to carry when :z% > [B(1 — k). Since buyers make the take-it-or-leave-it
offer in a match, they have all the bargaining power, and sellers have no surplus from trading in

decentralized meetingsEr] Therefore, there is no strict incentive for sellers to carry cryptocurrency.

Lemma 2.1. Under Assumption the DM value function of a buyer b, V¥(m?), is concave

Vm? < mj, and the buyer’s cryptocurrency holdings, m®, can be uniquely determined by:

Dbe

- 9
B (1 — k) ©)

U ow H(Bpei (1 — K)m?) 1

= U[W, ow H(Bp+1(1 — k)mY)

Different from previous LW literature with no currency depreciation, the cryptocurrency depre-

ciation rate x increases the cost of carry cryptocurrency and enters the money demand equation @F_T]

2.3. Miners

Next, I describe the problem of miners. Miners only participate in the centralized market
during the first sub-period and remain idle during the second sub-period.
In the centralized market, a typical miner ¢ chooses the consumption of the CM good, xff

and the amount of new cryptocurrency to produce, ¢:. There are costs associated with the currency

21 For the search literature on alternative trading protocols that determine the terms of trade in decentralized meetings,
see, e.g., [Li| (2011), which considers the generalized Nash Bargaining, and |Aruoba et al.| (2007), which studies the
Nash and egalitarian solutions.

22The optimal choices also satisfy the standard transversality condition lim;_, ., B'p;m; = 0; this will remain
implicit in what follows. For a discussion about the necessity of transversality conditions in the optimization problems
in infinitely-lived agent models, see, e.g.,|Rocheteau and Wright| (2013).
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production, ¢(&¢, M;_1), which depend on the newly produced units and the existing nominal
stock Since miners have no transaction demand in the decentralized market, they do not hold
cryptocurrency, and they sell all newly produced units at price p; right after production@ The

maximization problem of a typical miner in period ¢ is represented by:

max zl, st . <pd—c(0, My_1) (10)

xy,07
The above miner’s problem can be written as follows.

max  pd; — c(8;, My_1) (11)
51>0

Lemma 2.2. UnderAssumption a typical miner i produces 6! units of cryptocurrency in period
t, given p; and M,_, such that:

6; = c; ' (max{py, cs(0, M;_1)}) (12)

where cs is the partial derivative of the cost function c(5!, M;_,) with respect to 6.

Example 2.1. Suppose the production cost function of cryptocurrency is taken the functional form:
c(6s, My_1) = DM,;_16; + B&?, B, D > 0, which satisfies Assumption In this case, a miner 1

—DM; 1

would produce §! = max|0, 2 55— units of cryptocurrency in period t.

From (12)), the amount of new cryptocurrency in each period depends on the value and the

aggregate stock of money. Further, the aggregate new cryptocurrency in period ¢, A;, becomes:

1
A, = / Sidi = ¢ (max{py, ¢5(0, My_1)}) (13)
0

Given the above conditions, we can formally define an equilibrium.

23The production cost of cryptocurrency is modeled as a resource cost in the paper. All the results would be the
same if the production cost is modeled as a utility cost. Different from my model assumptions, |Choi and Rocheteau
(2020a) assume that miners produce private monies according to a time-consuming technology and face opportunity
costs due to occupation choice.

24 Appendix relaxes this assumption and shows that, even if miners are allowed to carry cryptocurrency, they
would still choose to sell all the newly produced units after the production in equilibrium.

25 Appendix E describes the equilibrium outcomes of the cryptocurrency-only economy with the production cost
function specified in Example 2.1}
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3. Equilibrium
Definition 1. An equilibrium is a set of decision rules in the centralized market {x?, m?, x3, m$, xi, 5132,
the terms of trade {q, d;}°,, and sequences of value and aggregate stock of cryptocurrency
{pe, M }22, such that for all t > 0,
x%,m?, x5, m$ solve problems @) and ([51)(@) for buyers and sellers;
qt, dy solve problem (H));
xt, 8! solve problem for miners;
the cryptocurrency law of motion is satisfied:
M, = (1 — k)M;_1 + A, where A\ satisfies ;
5. the cryptocurrency market clear:
M; = M} + Mg, where M} = fol mbdb, Mf = fol mids;
6. the centralized good market clear:
fol xbdb + fol xids + fol zidi + fol c(6f, My—y1)di = 0.

N b~

An equilibrium is a monetary equilibrium if the price of cryptocurrency is strictly greater than
zero and a non-monetary equilibrium otherwise. A stationary equilibrium is an equilibrium in

which the real balance of cryptocurrency is constant over time, i.e., pMy = py 1 My = 2°° V.

I first characterize the stationary equilibrium in the cryptocurrency-only economy. Since
cryptocurrency has no intrinsic value, there is always a non-monetary stationary equilibrium
s.t. pr = pir1 = 0, and therefore, 2% = 0 Vt. In what follows, I focus on the stationary equilibrium
in which cryptocurrency is valued and producedE‘] I investigate the existence of the equilibrium in

which the price changes at a constant rate or the price remains constant.

Proposition 1. Under Assumptions and there is no stationary monetary equilibrium in
which the price of cryptocurrency changes at a constant rate. There exists a unique stationary
monetary equilibrium in which the price of cryptocurrency is constant. The equilibrium outcomes

are characterized by:
L= Bl=r) _ ol 0w (821~ )
oB(1 — k) wow Hpzs(1 — K))
;L (™) = KM (15)
1-B(1—r)  u(q™)
of(l—r)  w(g*)
A% = kM*® 17)

26 Appendix presents a stationary monetary equilibrium in an economy without cryptocurrency production.

—1] (14)

1+

(16)
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Proposition[I|presents the main result of the cryptocurrency economy: Given that the marginal
cost of producing cryptocurrency strictly increases in the aggregate stock of money, there exists
a stationary equilibrium in which cryptocurrency is valued, and the inflation rate must be zero
in equilibrium. That is, the price and stock of cryptocurrency remain constant, which are jointly
determined by (14)) and (15]), and all the newly produced units only replace the depreciated currency
in each period, i.e., A** = xM?**. It is necessary to have currency loss/depreciation in order for
a stationary monetary equilibrium with constantly produced new money to exist. If there is no
currency loss, then no new cryptocurrency is produced in equilibrium. Moreover, as Proposition
shows, the equilibrium quantity traded in the decentralized market is less than the socially efficient
quantity, ¢°° < ¢*. The stationary monetary equilibrium with a stable price of cryptocurrency is
not socially efficient.

Why must the price of cryptocurrency be constant in a stationary monetary equilibrium?
Intuitively, in order to have an inflationary equilibrium, the aggregate nominal stock of cryptocur-
rency must be increasing. However, in my model, the cost of producing additional cryptocurrency
increases in the aggregate nominal stock of money. It follows that, if the stock of money goes
up, the real marginal production cost increases, thereby weakening miners’ production incentives
and contradicting the supposition. Therefore, the inflationary equilibrium cannot be sustained.
Likewise, a deflationary equilibrium requires that the nominal stock of cryptocurrency declines.
Such an equilibrium cannot arise because it is inconsistent with the rising production incentives of
miners due to the high return on money. Therefore, the price and nominal stock of cryptocurrency
have to be stable in equilibrium. My analysis confirms the conjecture in|Hayek| (1999) that a purely
private arrangement would deliver price stability.

This result is in sharp contrast to models with fiat money, in which the stock of money is
exogenously given, e.g., Lagos and Wright|(2005)) and Rocheteau and Wright (2005). In fiat money
economies, there is no incentive problem for the production of fiat money. The inflation rate is
determined by the rate of growth of the money stock, and it can be different from zero as long as the
stock of fiat money changes over time. However, in the cryptocurrency economy, the money supply
is endogenously driven by miners’ decisions, and the shape of the cost function determines the
relationship between equilibrium prices, aggregate money stock, and miners’ production incentives.

Further, my result is also in sharp contrast to other types of private money economies, in
which the inflation rate must necessarily be different from zero. For example, Fernandez-Villaverde
and Sanches (2018) show that a monetary equilibrium with private monies that are issued by profit-
maximizing entrepreneurs, in general, will not deliver price stability. In their private money
economy, the cost of production additional money is independent of the existing nominal stock,
e.g., the marginal cost goes to zero as newly produced money goes to zero, and there is no currency

depreciation. In that case, entrepreneurs always have an incentive to create an additional unit of
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private money, which would make the money stock keep increasing under price stability. However,
in the context of cryptocurrency, because the marginal production cost strictly increases in the
nominal stock of money, which is subject to currency depreciation, miners do not have an incentive
to produce cryptocurrency in excess of the flow of currency exogenously lost. Therefore, the
price of cryptocurrency remains constant in equilibrium. The result of Fernandez-Villaverde and
Sanches| (2018) does not hold in the private money environment with the cost function satisfying
Assumption [2.2]

If I make the marginal production cost of private money independent of the aggregate nominal
stock in my model and set the currency depreciation rate to zero, as in the Fernandez-Villaverde and
Sanches economy, a monetary equilibrium would necessarily have positive inﬂation Intuitively,
in order to have an equilibrium with a stable price, the aggregate nominal stock of money must be
constant. However, given the new shape of the cost function, miners always have an incentive to
produce additional new units of private money when the money is valued. Therefore, the aggre-
gate money stock cannot remain constant given zero currency depreciation. Thus, the equilibrium
consistent with price stability cannot be sustained. Further, we cannot have a deflationary equi-
librium either because miners would produce more new units due to the high return on money.
Therefore, the nominal stock of money cannot be decreasing in equilibrium. Thus, the result of
Fernandez-Villaverde and Sanches is correct in a version of my model with different assumptions
about technology@

In addition to stationary equilibria, in the cryptocurrency economy, there also exists a con-
tinuum of non-stationary equilibria in which the values of cryptocurrency converge to zeroF_g]
Cryptocurrency is intrinsically worthless and is traded due to its liquidity services in decentral-
ized meetings. Agents in the economy form their beliefs about the values of cryptocurrency in
future periods. For an initial cryptocurrency value less than its steady-state value, there exists an
equilibrium path that the currency values depreciate and converge to zero. Along the inflationary
equilibrium trajectory, the expected depreciating currency values lead the real balances of cryp-
tocurrency to decline and converge to zero. In this situation, agents’ beliefs about the depreciating
value of cryptocurrency can be self-fulfilling. This result is similar to what happens in models
with government-issued fiat money, e.g., Lagos and Wright| (2003)), and in models with other types
of private money, e.g., Fernandez-Villaverde and Sanches (2019). Cryptocurrency is subject to a

self-fulfilling prophecy, even under the existence of a monetary equilibrium with a stable price.

2"For example, the cost function, c(}), is increasing, convex and twice differentiable, and satisfies ¢’ (0) = 0.

281f private money has a positive depreciation rate, there is no inflationary equilibrium. Even though the marginal cost
is independent of the nominal stock of money, decreasing currency values weaken miners’ incentives to produce money
in excess of depreciated currency. Therefore, the aggregate money stock cannot be increasing. Refer to Appendix [C|
for a formal discussion about the equilibria of the private money economy with the alternative cost function.

2See Appendix for details about the non-stationary equilibria of the cryptocurrency economy.
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4. Two-Currency Model

To explore the competition between cryptocurrency and another intrinsically worthless
object—government-issued fiat money—as media of exchange, I extend my cryptocurrency-only
model by adding fiat money and multiple decentralized markets, which differ in the currencies that

can be used as payment methods.

4.1. Currencies

Let cryptocurrency be indexed by c¢ and fiat money be indexed by m. Cryptocurrency is
modeled in the same way as in Section |2} Fiat money is issued by the government and is perfectly
divisible. Let M;" denote the total fiat money stock in period ¢. Fiat money is supplied according

to a deterministic growth rule v — 1 € R sit. v = Changes in fiat money supply are

My
Vi
implemented through lump-sum transfers (if v > 1) or tagéé (if v < 1) to buyers in the centralized
market In this paper, I treat y as an exogenous variable. Let p}" denote the value of fiat money
per unit in terms of the CM good in period ¢. Accordingly, the lump-sum transfers/taxes from the
government in period ¢, expressed in terms of the CM good, are 7} = p}* (v — 1) M[",.

In the two-currency economy, there are several features of cryptocurrency that distinguish
it from fiat money. The two currencies differ in their issuers, production costs, supply rules, and

degrees of acceptability in decentralized markets.

i. Cryptocurrency is private money and produced by profit-maximizing miners, while fiat
money is issued by the government that has sufficient power to tax agents in the economy.
ii. Cryptocurrency is costly to produce, and its production cost strictly increases in both the
newly produced units and the existing money stock, while fiat money is costless to produce.
iii. The net circulation of cryptocurrency is endogenously determined by miners’ production
decisions and subject to currency depreciation, while fiat money is exogenously supplied
according to a deterministic growth rule.
iv. Cryptocurrency and fiat money have different degrees of acceptability in decentralized mar-

kets, which are specified in the following section.

39The government can only tax agents in the centralized market because agents are anonymous and cannot be
monitored in the decentralized market. Alternatively, |Andolfatto| (2013)) considers lump-sum tax obligations as a form
of debt subject to default. In that case, agents who fail to pay taxes in the centralized market will be excluded from
trades in the decentralized market.
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4.2. Environment

The monetary environment is similar to that in Section [2] There are three types of infinitely

lived agents: buyers, sellers, and miners, and each time period is divided into two sub—periodsE]

In the first sub-period, all agents interact in a centralized market. Miners produce cryptocur-
rency, and buyers and sellers produce the CM good. All agents trade the CM good and adjust

their currency portfolios, which comprise fiat money and cryptocurrency holdings. Different from

the cryptocurrency-only economy, buyers receive lump-sum transfers/taxes from the government

before making their decisions.

Figure 2: Timing of Events in a Typical Period with the Two Currencies

M

Centralized Market (CM)

DM 1

DM 2

DM 3

The first sub-period
| All types of agents |

CM

Decentralized Market (DM)
The second sub-period
Only buyers and sellers |

|
e

Lump-sum transfers/taxes

1\

DM1 with prob. oy
DM?2 with prob. oo
DM3 with prob. as

T t+1

Miners produce the cryptocurrency

Agents trade the CM good

Buyers and sellers produce the CM good

Agents adjust their currency portfolios

Sellers produce the DM good but do not consume
Buyers consume the DM good but cannot produce

The terms of trade are determined in a match

Buyers and sellers randomly match

with the probability o € (0, 1)

31'The market structure of my two-currency model follows that of the two-currency, two-country search models for
international currencies, e.g.,/Zhang|(2014). It is also analogous to the models of competing currencies, e.g.,/Choi and

Rocheteau| (2020b)), Zhu and Hendry|(2019), and (Chiu et al.| (2020).
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In the second sub-period, miners remain idle. Sellers and buyers randomly enter one of the
three decentralized markets: DM1, DM2, and DM3, with probabilities o, a5, and a3, respectively,
where apys € [0, 1] and Z%le apy = 1, VDM € {1,2,3}. The DM good is produced and
traded in each decentralized market. Search friction, trading process, and agents’ preferences and
specialization are the same across three decentralized markets. In particular, a buyer is randomly
matched with a seller with o € (0, 1) and vice versa. In each match, the terms of trade are deter-
mined by a take-it-or-leave-it offer by the buyer. If a buyer and a seller are not matched, then agents
proceed to the next period with the same currency portfolios that they carry out of the centralized
market. The utility and cost functions of the DM good are specified in Assumption [2.1]

Three decentralized markets differ in the currencies that can be used for transactions. Specif-
ically, in DM1, agents can only trade with fiat money; in DM2, agents can only trade with
cryptocurrency; and in DM3, agents can trade with any arbitrary mix of the two currencies. Figure

2 summarizes the timing of events in a typical period of the two-currency economy.

4.3. Miners

Miners are only active during the first sub-period. In the centralized market, a typical miner ¢
chooses the consumption of the CM good, ¢, produces §; units of cryptocurrency, and sells all the
newly produced units at the price p; right after production. Since miners remain idle in the second
sub-period, they do not have transaction demand for the two currencies in decentralized markets.
Without loss of generality, I assume that miners do not carry fiat money

The maximization problem of a typical miner 7 in period ¢ is represented by:

max xl st b < pool — (o, M) (18)
m%,é;ZO

where the production cost function satisfies Assumption[2.2]

Similar to the cryptocurrency-only economy, a miner ¢’s production decision in period ¢

depends on the value and nominal stock of cryptocurrency, such that
0p = ¢ (max{pf, c5(0, M{_)}) 19)

The aggregate new cryptocurrency in period ¢, A, is the same as (I3) with p, = pf§ and M, = M.

32 Appendix describes the problem of miners when they are allowed to carry fiat money. In that case, the
equilibrium outcomes remain the same as in the main context.
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4.4. Buyers and Sellers

Next, I describe the problems faced by buyers and sellers in the two-currency economy.

4.4.1. The Centralized Market Problems

A typical buyer b and seller s begin a period with their currency portfolios from the last period,

m;_, = (m;"], m;”’), which comprise m;"] units of fiat money and mn;”, units of cryptocurrency,

j € {b, s}. Due to different trading histories in decentralized meetings, agents begin a period with
different currency portfolios. In the market, a certain fraction  of the cryptocurrency holdings is
lost, and buyers receive lump-sum transfers/taxes 7; from the government. In the first sub-period,
buyers and sellers choose their net consumption of the CM good, x%, x7, and currency portfolios,
m?, m?, to bring forward to the next sub-period, respectively.

Let W/ (m]_;) denote the value function of an agent beginning a period with currency
portfolio, m} , € R?, and V/(m]) denote the value function of an agent beginning the second
sub-period with the chosen currency portfolio, m{ € R3, j € {b,s}. The CM maximization

problems of a typical buyer and seller are represented by:

W) = max ab+ VPmb) st o+ pomd =pf'm™ 4 (L m)pim®, + T, Q0)
Ty,

Wi(mg_;) = max z7 + V;*(mg) s.t. z; + pemg = p/"m,"] + (1 — w)pymy=, 21
Ty MMy

where p; = (p}",p§) € R? is the price vector of fiat money and cryptocurrency. The CM value

functions (20)-(21)) can be rearranged as:
WY (mi_y) = pf"mi™] + (1 = k)pimi?y + W/ (0,0) (22)

where W/(0,0) = T, + maxypegz —Pemg + V(mp) and W7(0,0) = maxysep: —pem§ +
Ve(mg),j € {b,s}. Similar to the cryptocurrency-only economy, there is no wealth effect on an
agent’s choice of currency portfolio. The choice of mg , j € {b, s}, is independent of lump-sum
transfers/taxes from the government, the initial currency portfolio when entering the centralized

market, and the cryptocurrency loss.

4.4.2. The Decentralized Markets Problems

In the second sub-period, with the chosen currency portfolios rn{ , j € {b, s}, a buyer and
seller randomly enter the DM1, DM2, and DM3 with probabilities a4, as, and a3, respectively.
The DM problems for a typical buyer and seller are represented by:
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V/ (my) = max ar{ofu(g) + BWe (m™" — ;™ mi")] + (1 — 0) B, (my) }

(af,d;"™),(a2.d7 ) (a7 df ™ d} )
+ an{ofu (Qt) + BW, +1(m;nb mfb d276)] + (1 — o)W, +1(mt)} (23)
+ as{ofulg)) + BWP (m™" — &P m® — d))] + (1 — o) BWE,, (mP)}

Vi(ms) = ar{o[—w(q)) + AW (mi™* +d;™ mi*)] + (1 — 0) W5, (m])}
+ ax{o[—w(q)) + BWS (my™* mi* + di)] + (1 — 0) W5, (m)} (24)
+ag{o[—w(g}) + BWE (™ +d)™ m* + d)°)] + (1 — o) BW;, (mf)}

where (¢}, d;"™), (g2, d>°), and (g}, d>"™,d>°) denote the terms of trade in the DM1, DM2, and
DM3, respectively. In particular, ¢}, ¢?,¢¢ € R, denote the quantity of the DM good traded in
each decentralized market, and d;"™, d>°, d>"™, d>° € R, denote the transfer of the corresponding
currency from the buyer to the seller. Specifically, in DM1, the buyer is only allowed to make offers
on fiat money, dt1 "™: in DM2, the buyer is only allowed to make offers on cryptocurrency, dt2 “; and
in DM3, the buyer is allowed to make offers for any arbitrary mix of the two currencies, (d;"", ;™).

In each decentralized market, if a buyer matches with a seller and trade happens, then the
buyer gains utilities from consuming DM goods, while the seller produces DM goods with some
costs, and both of their currency portfolios change after transfers are made. Depending on the
decentralized market that the buyer enters, the optimal take-it-or-leave-it offer is given by the

solution to:

In DM1: max u(q) + BWtﬁl(m —d" msh)
4z »d;

st —wlgl) + BWE L (m +dp™ me®) > BWE (m)™, my) (25)

1, b
dy™ < my"

In DM2: max u(q?) + W, +1(m;n g g’b - df’c)

qi :d
st —w(g)) + BWe (m™*,m® + d7°) > W, (m{™®, m{*) (26)
dfc < mfb
InDM3:  max, - u(q) + AW (m; = T mE — die)
qy,dy Ay

st —w(g?) + AW (my™ + ;" mg* + 7€) > BWE (my™ my®)  (27)

3,m m,b  33,c c,b
dy" <my 7 dyT < my
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The first constraint in each above problem is the seller’s participation constraint, whereas the second

one is the buyer’s liquidity constraint.

4.4.3. The Optimal Currency Portfolio

Next, following Assumption [2.1 and (22)), the optimal currency portfolios of a buyer and
seller are given by the solutions to:

Wimb )= max — ()" - Bpf)mit — (pf — B(1 — k)p, ) my’ (28)

m,b c,b 2
my My €R+

+ 0 (m?) + 0P (mg?) + v’ (md)

where v (m{™") = ayolu(gl(mi™")) — Bp di ™ (m™?)]
v (") = asolu(gi(my®)) — Bpg, (1 — &)d; (m?)]
3
t

o (my) = agolu(gl(mf)) — Bptdy ™ (mf) — Bpya (1 — £)d; (my)]

Wy(my_) = max  —(p" — BpfL)m{™" — (i — B(1 — K)pi)m;” (29)

m,s c,s 2
my 7, my €R+

+0+0+0

Agents choose the optimal currency portfolios to maximize their expected surplus from using them
in the second sub-period net of the cost of carrying each currency. The first two terms on the
RHS of (28)-(29) represent the cost of carrying fiat money and cryptocurrency to the next period,
while the last three terms represent the expected surplus from trading in each decentralized market.

Cryptocurrency is costly to carry when pf > fBpf, (1 — ), and fiat money is costly to carry
when pi* > Bp . Since buyers are the ones to make the offer, they take all the gains from trading.
Sellers have no trade surplus in any decentralized market and, thus, there is no strict incentive for

them to carry currency portfolios forward to the second sub-period.

5. Equilibrium

This section describes the equilibrium conditions of the two-currency economy and analyzes

the coexistence of cryptocurrency and fiat money.
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Definition 2. Given ~y, an equilibrium is a set of decision rules in the centralized market {x?, m?, z?

m$, x, 61122, the terms of trade in each decentralized market {(q},dy"™), (¢?,d>°), (¢}, d>™,
d>)Ye2 ., sequences of values of the two currencies {p§, p}°,, and the aggregate stock of cryp-
tocurrency { Mg}, such that for all t > 0: {z?,m? x5, m;} solve problems (20)-21) and
(.) (.) {z%, 0!} solve problem (.) {(g},di™), (2, d7°), (g3, d>™, dP°)} solve problems
(27); as well as market clearing for centralized good, fiat money, and cryptocurrency, and the
cryptocurrency law of motion are satisfied.

A stationary equilibrium is an equilibrium in which the real balances of cryptocurrency and

fiat money are constant, i.e., pi* M[" = pit \ M} = z,, p{M{ = pi  M¢ = 2., V.

In what follows, I analyze the stationary equilibrium in the two-currency economy. My focus
is on examining whether cryptocurrency—an asset that is costly to produce—can coexist with fiat
money—an asset that is costless to produce—in the economy.

Suppose that, in general, the supplies of fiat money and cryptocurrency grow at constant
rates, such that M/}, = yvM™ where v >  and My, , = (1 + p) M{ where ;1 > —k. Since sellers
and miners have no incentive to carry currencies out of the centralized market, following Lemma
[A.5]and market clear conditions, the equilibrium conditions can be expressed as follows:

Zm (1 —K)ze

Z,

i > 010 L(=2) + azoL(—2 “="if 2, >0 (30)
gl ) ( gl L+ p )
1- c m 1 - c .

i > aQJL(ﬂ)jLa?,aL(Z— Sl “=7if 2,>0 (31

I+p vy T+u
where 7, = —land 1. = p—t_ — 1 denote the costs of carrying fiat money and
BPH_l ﬁpz+1(1 )

cryptocurrency, respectively, which depend on the rate of return, time preference, and the currency
depreciation rateFEI According to —, a currency is not valued when the cost of carrying it
outweighs the expected payoff of using it in decentralized markets. The government can affect an
agent’s incentive to make currency portfolio choices through changing the monetary policy on the
growth rule of the fiat money supply.

There are four types of currency regimes in stationary equilibrium: no currency is valued
(zm = 2. = 0); only fiat money is valued (z,, > 0, z. = 0); only cryptocurrency is valued
(zm = 0, z. > 0); and both currencies are valued (z,, > 0, z. > 0). This is similar to multiple fiat
currencies models, e.g., Camera et al. (2004) and |[Engineer (2000). Next, I explore the existence
conditions of these currency regimes given -, i, and the fundamentals of the economy, following
the approaches of Zhang (2014) and Zhu and Hendry| (2019).

A non-monetary stationary equilibrium, in which no currency is valued, occurs when both

33The term 1 + i, can be interpreted as the interest rate on an illiquid nominal bond dominated in fiat money, see,
e.g.,/Zhu and Hendry| (2019).
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currencies are too costly to hold, i.e., i,, > a10L(0) + a30L(0) and i, > a0 L(0) + a0 L(0).
Accordingly, given the parameters and functional forms of the model, a unique non-monetary
stationary equilibrium, z,, = z. = 0, exists, so long as v > J and (1 + ) > 1 + i, where ¥ and [
are given by:

—1= OélO'L(O) + OégO'L(O) (32)

==

1+ fi
B(1— k)

A stationary equilibrium in which only fiat money is valued occurs when cryptocurrency

— 1 =ay0L(0) + aza L(0) (33)

is too costly to hold while fiat money is not. That is, i, = a10L(2,/7) + asoL(z,/7v) and
ic > a0L(0) + azoL(z,/v). This might happen when the size of the markets where sellers
accept cryptocurrency for transactions is too small, or when the cryptocurrency depreciation rate is
large, or when the rate of return on cryptocurrency is sufficiently low. Thus, a stationary equilibrium
in which z,, > 0 and z. = 0 exists, so long as § < v < yand 1 4+ u > 1+ i, where 7 is from
and /i is given by:

% — 1= ayoL(0) + alof%(% —1) (34)

Symmetrically, a stationary equilibrium in which only cryptocurrency is valued, i.e., z,, = 0

and 2, > 0, exists solongas vy > yand 1 — k < 1+ p < 1+ fi, where 1 + ji is from (33) and 7 is
given by:

a3 1+p
az +az (1 — k)

=2l

B —1= 0610'[1(0) +

Lastly, a stationary equilibrium in which both currencies are valued, i.e., z,,, > 0 and z. > 0,
exists solongas <y <% and 1 —k <1+ pu < 1+ i, where 7 and fi are given by (35) and
(34), respectively.

—1) (35)

5.1. Coexistence

Next, I characterize the stationary equilibrium in which both currencies are valued.

Proposition 2. Given v and apy € (0,1) VDM € {1,2,3}, and under Assumptions [2.1| and
2.2} there exists a stationary equilibrium in which both cryptocurrency and fiat money are val-
ued, and in which the price of cryptocurrency is constant and that of fiat money changes at a
constant rate s.t. p}l, = %pfb, so long as f < v <7 = fayoL(0) + a;f’ag(ﬁ —B) + B and

0 < it = (o L(0) + 1)B(1 — k) — 1. The equilibrium outcomes are characterized by:
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y—B  wow (=) w 0w (B(Z + 2(1 - K)))

o5~ “leuriE) ~ M e GE ey Y (56)

1= B(l=k) W ow (Bz(l— k) W 0w (B + 2,(1 - )
(s R e e s ) R i e T e g R
c5 (p2) = KM (38)
@ = W_l(ﬁ%m) (39)
¢5" = w (Bze(1 — K)) (40)
@ =W (B a1 — ) (41)
A% = kM “2)

Given the forms of u(-),w(-), and parameters of the economy, under Assumptions [2.1{ and
there exists a set of equilibrium outcomes that satisfy (36)-(42) so long as § < v < 7 and
0 < fi, where 7 is obtained from with © = 0, and i is given by with v = S.

Cryptocurrency and fiat money can coexist in equilibrium regardless of their rates of return.
This is driven by the assumption that the two currencies have different degrees of acceptability in
decentralized markets (e.g., Zhu and Hendry| (2019)). Since each currency is essential in some
meetings, agents will hold both currencies to smooth their consumption in all decentralized meet-
ings, even if one has a higher inflation rate.

Moreover, my two-currency model has a novelty compared to other models of multiple com-
peting currencies with payment acceptability constraints, such as a model of fiat monies, e.g., Zhang
(2014), and a model of private and fiat monies, e.g.,|Zhu and Hendry|(2019)). In their models, the cost
of carrying one currency is tied with the exogenous growth rate of the money supply. However, in
my model, the cost of carrying cryptocurrency depends not only on the exogenous parameters, such
as currency depreciation, but also on the endogenous production decisions of miners, which rely
on the production cost function and further affect the price path of cryptocurrency in equilibrium.
That is because the supply of cryptocurrency is endogenously determined by miners’ decisions,
and the shape of the cost function determines the relationship between equilibrium prices, aggre-
gate money stock, and miners’ production incentives through their profit maximization problems.
Given that the marginal cost of producing money strictly increases in the existing nominal stock,
the price and stock of cryptocurrency must remain constant in the equilibrium with both currencies

in circulation@ In the next section, I explore how the model fundamentals affect the two currencies.

34Appendix@]presents a two-currency economy where both cryptocurrency and fiat money are exogenously supplied.
It shows that an economy with exogenously supplied cryptocurrency cannot have an analog of the equilibrium in which
the price of cryptocurrency must remain constant.
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5.1.1. Comparative Statics

Following Proposition [2| the real value of fiat money is interdependent with that of cryp-
tocurrency when a3 # 0. In this case, the government’s monetary policy can affect the values of
currencies, and thus, the quantity of DM good traded with each currency. Intuitively, buyers can
make offers on any arbitrary mix of the two currencies in DM3. As the fiat money inflates (i.e., v
increases), it becomes more costly to use fiat money. Agents would demand less for it and instead
substitute into cryptocurrency, which decreases the real value of fiat money and increases that of
cryptocurrency. As a monetary equilibrium with coexistence is consistent with a zero inflation
rate in cryptocurrency, the competition with cryptocurrency restricts the government’s ability to
over-issue fiat money to raise the inflation tax.

In addition, if cryptocurrency is lost at a higher rate (i.e., x increases), or if its marginal pro-
duction cost diminishes (i.e., c5(d, M¢) decreases), the cost of carrying cryptocurrency increasest
Accordingly, agents would demand less for cryptocurrency and demand more for fiat money in
decentralized meetings, which decreases the real value of cryptocurrency and increases that of fiat
money. Moreover, as « increases, the region of parameter 7y increases. In this case, both currencies
would still be valued in equilibrium when the government issues fiat money at a higher rate, as long
as the new growth rate is less than the new parameter region 7.

Further, if the acceptability degree of one currency gets larger, that currency becomes more
useful in decentralized markets and thus has a higher expected payoff from using it. Then agents
would demand more for that currency and the real value of it would increase. The following section
explores the coexistence of the two currencies under special cases in terms of the market size.
Table|l|summarizes the effects of the cost of carrying each currency and the market size on the real

values of the two currencies. Calculations are provided in Appendix [G|

5.1.2. Special Cases

The market size a3 # 0 is necessary for substitution between two currencies to put constraints
on government monetary policy. When a3 = 0, there are two completely segmented decentralized
markets in the economy. Since each currency is essential in some transactions, cryptocurrency and

fiat money can coexist in a stationary equilibrium, but there is a dichotomy between the two curren-

33From the miner’s profit maximization problem, the number of newly produced units in period ¢ is determined
by p§ = cs(d%, Mf_,). Taking the functional form in Example cs(6, Mf ) = DM{ | + 2BS; and A, =

¢—DM¢ ; oo . . 1 .
1%273“1. When ¢5 (87, M{_) diminishes, i.e., D | or B |, A; and M increase, which increases the cost of carrying

cryptocurrency in equilibrium.
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Table 1: Comparative Statics

im Z.c (€3] (&%) a3

Ozm OzZm Ozm

Ozm Ozm
Zm | it <0 . >0 Do >0 Do <0 Do >0
| gm0 fE<o <o gm0 gm0

cies’ sectors. Specifically, the real values of cryptocurrency and fiat money are independent, and
the quantity of the DM good traded with cryptocurrency in DM2 is determined independently from
that traded with fiat money in DM1. Government monetary policy, 7, has no effects on the value
and demand for cryptocurrency use. The equilibrium outcomes only depend on the fundamentals
of the economy, such as preferences, technologies, and trading frictions

In another case, when a3 # 0 and «; = 0, cryptocurrency has an inherent advantage rel-
ative to fiat money because it is accepted everywhere, whereas fiat money is only accepted in
DMa3. In this set-up, agents would carry cryptocurrency to facilitate all kinds of transactions in
decentralized markets. In order to give agents enough incentive to carry fiat money as well, the
rate of return on fiat money has to be sufficiently high, or the inflation rate sufficiently low, i.e.,
<y = Oég(ﬁ — B) + 3, in the equilibrium with both currencies in circulation. Therefore, there
exists a stationary equilibrium in which both currencies are valued, as long as fiat money is issued
at a growth rate below a certain level 7. Further, fiat money has to be issued at an even lower growth
rate than 7 when it becomes less acceptable (e.g., a3 |), or when cryptocurrency is less costly to
carry (e.g., k |), in order to be valued in the economy. Otherwise, only cryptocurrency is valued
and circulating in the economy.

Symmetrically, when a3 # 0 and aiy = 0, there is an inherent advantage to fiat money. Agents
will carry fiat money to facilitate all kinds of transactions in decentralized meetings. They will also
carry cryptocurrency when the rate of return on it is sufficiently higher than that on fiat money.
That is, fiat money is issued at a growth rate higher than a certain level, 4 > O%S(ﬁ — B) + B, and
thus, has a high inflation rate in equilibrium. Moreover, the parameter region  gets higher when
cryptocurrency becomes less acceptable or more costly to use (e.g., ag | or £ 1). In this set-up,
even if cryptocurrency is inferior in production costs and degrees of acceptability in decentralized
markets, it can still coexist with fiat money—an asset that is more acceptable and costless to pro-

duce—when appropriate monetary policy is implemented.

36Appendix presents the detailed equilibrium conditions under each special case in the two-currency model.
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5.1.3. Steady States and the Laffer Curve

When fiat money competes with a private currency that is costly to produce, the monetary
policy is constrained, thereby affecting the seigniorage earnings of the government. This point
can be illustrated through the Laffer curve and its changes with the introduction of cryptocurrency.
Following Ljungqvist and Sargent| (2000), the Laffer curve for the inflation tax can be derived as:

1
Zm(V)(1 = 2).
Y

Consider an economy without cryptocurrency—only fiat money is supplied as the medium

of exchange. In this setting, the equilibrium real balance z,,(~y) is determined by
v wow(5m)

of  wowl(B=m)

Following [Nosal and Rocheteau| (2011)), the functional forms are set to u(q) = ‘IIIT_: witha < 1 and
w(q) = ¢, and the parameter values are summarized in Table 2| Figure [l|displays the Laffer curve
and plots the government’s seigniorage earnings as a function of fy

As shown in Figure [I] seigniorage increases with inflation until the inflation rate reaches
~*, and then it decreases as the rate rises. The Laffer curve captures the tradeoffs faced by the
government, which can benefit from inflation through increasing seigniorage earnings. However, as
inflation rises beyond a certain level, the purchasing power of fiat money falls, thereby discouraging
agents from holding it and decreasing seigniorage. As a result, there exists a level of money growth

rate v* that maximizes the steady-state seigniorage.

Seigniorage

0.06 1
0.04

0.02-

0.00

Figure 1. The Laffer Curve in Fiat Money Model

37See Appendix for details on deriving the equilibrium of the fiat money-only economy and the Laffer curve.
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Next, consider an economy with both fiat money and cryptocurrency. As described in Section
M agents have a probability of entering the market where cryptocurrency is accepted alongside
with fiat money. The equilibrium real balances, z,, and 2., are jointly determined by (36)) and
from Proposition [2] For example, if we apply the same functional forms and parameter values as
above and set the probabilities of entering each market to (ay, as, a3) = (0.6, 0.2, 0.2), the Laffer
curve in the two-currency economy is plotted in Figure 2] (a).

Compared to the fiat money economy, the Laffer curve in the two-currency model is lower,
with its peak shifted to the left. Consequently, the seigniorage-maximizing level of money growth
rate, v*, falls, and seigniorage earnings decrease, with the emergence of substitution between the
two currencies. These results suggest that the existence of cryptocurrency constrains the monetary
policy.

Seigniorage

Fiat Money Only
Two-Currency Model (a1, a2, a3)= (0.6, 0.2, 0.2)

0.00

oy gy 2 3 4 5 Y

(a) Fiat Money Only vs. With Cryptocurrency

Seigniorage

(a1, 02, a3)= (0.6, 0.2, 0.2)
=== (a1, 02, a3)= (0.4, 0.2, 0.4)
(a1, a2, a3)= (0.2, 0.2, 0.6)

0.06 1

0.04+

0.02+

0.00

(b) Effects of Changing o, oo, a3

Figure 2. The Laffer Curve in Two-Currency Model
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Moreover, as more of the market where only fiat money is accepted shifts to one where both
currencies can be accepted, e.g., (aq, az, a3) changes to (0.4,0.2,0.2) and to (0.2,0.2,0.6), the
reduced market size for fiat money and the growth of substitution between currencies cause the
Laffer curve to shrink further, as Figure[2](b) displays. In other words, the larger the market size in
which both currencies can be accepted, the lower the seigniorage-maximizing fiat money growth
rate and the fewer seigniorage earnings when inflation rises.

The strategic interaction among money issuers has been studied in the literature. For instance,
Zhu and Hendry|(2019) model a policy-setting game between the government and E-money issuer.
Zhang| (2014) studies the dynamic policy game between two fiat money authorities and generates
an inflation Laffer curve, capturing the tradeoffs faced by policymakers. My analysis contributes to
the literature by clarifying how the introduction of cryptocurrency constrains the monetary policy.
This is done via analysis of Laffer curves. Unlike fiat money and other private monies, the growth
rule of cryptocurrency is not set by an issuer but endogenously determined by the production

decisions of private agents.

Table 2: Parameter Values in Plotting Laffer Curves

Figure 1 Figure 2a Figure 2b

ey @ O @ & ©
a 0.5 05 05 05 05 05
Ié] 0.95 095 0.95 095 095 095
o 0.5 05 05 05 05 05
K N/A N/A 0.2 02 02 02
o1 1 1 0.6 06 04 02
o9 0 0 0.2 02 02 02
o3 0 0 0.2 02 04 06

Columns 1 and 2 report parameter values in plotting the green curve in
Figures 1 and 2 (a). Columns 3 and 4 report the values in plotting the
orange curve in Figure 2. Columns 5 and 6 report those values in plotting
the red and blue curves, respectively, in Figure 2 (b).

5.2. Implication

The existence of cryptocurrency restricts the inflation rate of fiat money. Specifically, in
the economy where cryptocurrency is more acceptable in decentralized markets, fiat money has to
maintain sufficiently low inflation in order to be valued and circulating in equilibrium; while in
the economy where fiat money is more acceptable, cryptocurrency will be valued as well when the

inflation rate of fiat money is above a certain level.
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Should the government ban cryptocurrency? It depends on the acceptability of cryptocurrency
in decentralized markets and the government’s ability to commit to maintaining the targeted fiat
money growth rule. Because cryptocurrency is costly to produce, banning cryptocurrency can
clearly save the resources used in its production, i.e., ¢(d, M¢). However, it may worsen the
total welfare of the economy. One reason for this is that, in the absence of cryptocurrency,
agents would only trade using fiat money in decentralized markets, thereby missing out on the
trade surplus in DM2, where only cryptocurrency is accepted, s.t. —asf[u(q2) — w(q2)], where
2 = w (Bz.(1 — k)). In that case, there would also be welfare changes from trade surplus
in DM3 where both currencies are accepted, s.t. as[u(qs) — w(qs)] — as[u(gs) — w(gs)], where
G5 = w ! (B%) and g3 = w™ (8% + Bz(1 — £)). In other words, if the government tends to
overissue fiat money, there would be additional welfare loss from consuming less output.

In addition, competing with cryptocurrency restricts the government’s ability to over-issue
fiat money. If the government can maintain sufficiently low inflation and cryptocurrency is not
widely accepted, then banning cryptocurrency might be welfare-enhancing. There would be welfare
gains from avoiding resource waste associated with the cryptocurrency production and consuming
more output, which would outweigh the welfare loss from no trade surplus in DM2@ Efficient
allocations in DM1 and DM3 can be achieved when the monetary policy follows the Friedman
rule if cryptocurrency is banned. Otherwise, if the government tends to over-issue money, banning
cryptocurrency would worsen the total welfare. There would be welfare loss in all decentralized
markets: no trade surplus in DM2 and less trade surplus in DM1 and DM3 from consuming
fewer DM goods. As cryptocurrency is consistent with zero inflation in a stationary monetary
equilibrium, the government that tends to use the inflation tax would have a strong incentive to ban

cryptocurrency.

6. Conclusion

This paper uses a search-theoretical model to study conditions under which cryptocurrency—
a privately-issued money that is costly to produce—can be valued in equilibrium, and to analyze
the conditions under which it can coexist with fiat money—an asset that is costless to produce.

I first develop a model of cryptocurrency only and incorporate profit-maximizing miners,
who are able to produce cryptocurrency according to a costly technology. The production cost

strictly increases in both the number of newly produced units and the existing nominal stock of

38 All the trades with cryptocurrency in decentralized markets are assumed to be legitimate. For transactions that
involve criminal activities, |Camera| (2001) introduces an external utility cost associated with the consumption of illegal
goods and studies the governmental role in the presence of illegal activities. More recently, Hendrickson and Luther
(2019) study the usage of cryptocurrencies to purchase illegal goods if the government is banning cash.
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money. Compared to fiat money economies—the inflation rate can be different from zero—and
other types of private money economies—the inflation rate must necessarily be different from
zero—the cryptocurrency economy has an advantage of being consistent with zero inflation, due
to the shape of its production cost function.

I then extend my cryptocurrency-only model by adding fiat money and multiple decentral-
ized markets to study the currency competition between cryptocurrency and fiat money. The two
currencies can circulate in equilibrium regardless of their rates of return. Even if cryptocurrency
is inferior in production costs and acceptability in decentralized meetings, cryptocurrency can co-
exist with fiat money, when appropriate monetary policy is implemented. Further, the substitution
between the two currencies constrains the monetary policy and affects seigniorage earnings. As
cryptocurrency is consistent with zero inflation in a stationary equilibrium, banning cryptocurrency
would worsen the welfare of the economy, when the government tends to use the inflation tax.

Many other features of cryptocurrency could be relevant topics for future research, such as
the free entry and exit of miners and additional service fees to miners. It is also worth investigating
the impact of monetary and fiscal policies on the cryptocurrency market, e.g., tax on miners or
cryptocurrency holders and policy to reduce the trading size of the market where cryptocurrency

is used for illegal transactions.
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Appendix A. Proofs of Lemmas and Propositions

A.1. Cryptocurrency-Only Model

Lemma A.1. Under the quasi-linear preferences, the distribution of cryptocurrency holdings is

degenerate to all agents of a given type at the beginning of each second sub-period.

[Proof of Lemma [A.1]]

Proof. Follow directly from (3)) and the discussion in the text.

Lemma A.2. The terms of trade (q;, d;) that solve problem (4)) are given by:

* * *

. b > * . b >
@(mp) = { ¢ mzm d,(m?) = { mp o Af o me zm (A1)

5 ; b * b ; b *
G if mi<my my  if mi<my

where ¢ = argmax [u(qr) — w(g)], mi = 2290 and G = w(Bpea(l — K)ml). In

addition, §;(m?) >0 and §, < q*, Ymb < m?.

[Proof of Lemma[A.2]
Proof. According to (3), problem (4) can be simplified as follows:
rqn%X u(q) — Bpera(l — K)d;

st. —w(q)+ Bpea(l —rK)dy >0 (A2)

dt §mf

Under Assumption [2.1] there exists a level of the traded amount of the DM output ¢* > 0,
q* = argmax [u(q;) — w(q;)], that a buyer and a seller would agree on in each decentralized match.

If a buyer brings more than what he/she needs to get ¢*, then only the first constraint binds and the
w(g*)
Bpe+1(1—k)"
then both of the two constraints bind. The buyer would spend all the cryptocurrency holdings to

buyer would pay for ¢*, i.e., ¢, = ¢*,d; = m] = Otherwise, if a buyer cannot afford ¢*,

purchase the DM good, i.e., d; = m?, ¢; = ¢ = w™H(Bpi1(1 — k)m?) and ¢; < ¢*.

O
Lemma A.3. The optimal cryptocurrency holdings of a typical buyer and seller must satisfy:
pt b [ » by b
—— —1>0L(m =714 m;>0 (A.3)
Fpa(1= 1) ) t
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if my >my

0
where L(mg) = ' (Gs (m? ]
{ (q,g 2);_1}>0 if md<m;

—pt+ Bpia(l — k) <0 “=70f mp>0 (A.4)

[Proof of Lemma[A.3]

Proof. 1t results from taking the first-order conditions (F.O.C.) of - with respect to m? and
my, respectively. Equivalently, the optimal cryptocurrency holdings can be obtained by taking the
F.O.C. of with respect to m{ , such that

o+ Vi (mi) <0 <=7 if ml >0, je{bs} (A.5)

where V;j / (mi ) is determined by the decentralized market problem of agent j € {b, s}.
The term L(m?) is a liquidity factor that captures the marginal payoff that a buyer can get
from using cryptocurrency to purchase more DM output in the decentralized market instead of

carrying it to the next centralized market. L = 0 when a buyer can afford ¢*, and L > 0 otherwise.

[
[Proof of Lemma 2.1]
Proof. From (3), a buyer’s optimal cryptocurrency holdings satisfy:
bt V() = 0 (A6
Following Lemmas[A.T|and [A.2] the DM value function (5) can be rewritten as follows:
th(mf) = B(pea (1 — /{)mf + Wtb—o—l(o)) + vt(mf),
*) * . b > *
where v, (m!) = J[u(({ ) bw(q ) o Z.f mZ = mi
olu(g.(my)) — w(G(my)] if my <my
Then we obtain:
Bpes1(l — k) if m{>mj;
Ppea(1 = w) + obpen (1 = R)[ Gy — U if mi <m;
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It is clear that V'(m?) > 0, Vm® < m}. Next, V"(m?), Ym® < m}, can be derived as follows.

" (Ge(m? o (e (m$))Bprr (=) u’<qt<m2>>w"<qt<mz>>ﬁpt+1b(1—n>
" w!ow—1 —Kk)m w/ow—1 —K)m
vV (mb) = 0Bpii(1 — k) (Bpi+1(1—K)my) (Bpiy1(1—r)my)

[w!(Ge(mt)]?

— oBpa(1— k) u” (G(m?)w (G, (m®)) Bpeg1(1 — K) — u’(gg(mi’))wu(@t(mf))ﬁptﬂ(l — k)

o (G (m!)e! (G (mf) — o (G (m?)w

<0

Then V'(m?) > 0 and V"(m?) < 0, Ym® < m}. Therefore, V (m?) is concave Ym? < m}, and
there is a unique m? < m; solving the problem (A.6), which is expressed as (9)) according to (A.7).

[
[Proof of Lemma [2.2]]
Proof. The miner’s problem can be solved by taking the F.O.C. with respect to [0!]: p; —
M%—é\?‘l) <0,“="if 6 > 0. Under Assumption % is increasing in &; and M;_;.
Then we have §¢ = c; ' (max{p;, c5(0, M;_1)}) where cs = %
t

]

[Proof of Proposition 1]

Proof. Suppose there exists a stationary equilibrium in which price changes at a constant rate, s.t.
pe — Men (1 4 ), where p > —k and p # 0. According to H and li the aggregate

Dt+1 M
production of cryptocurrency A, must satisfy:

¢ (pes1) = (n+ k)M, (A.8)
Following Lemmas and the aggregate demand of cryptocurrency, M7, satisfies:
u 0w (Bpra (1 — k) M)
w o w N (Bpra (1 — w) M)
Under Assumptions [2.1] and 2.2] and given parameters of the model, p;4, and A, can be pinned
down by (A.8) and (A.9) with M; = M¢. Therefore, p,,1 and M, do not change, which contradicts

to the assumption that the price of cryptocurrency changes over time.

1+ =B —r){l+0]

—1J} (A.9)

In stationary, p;M; = py1 M = 2°%° Vi, and M]\Z—ﬂ:l = ptp—il = 1. Following the cryptocur-

rency law of motion, A** = xM*°. Combining it with the aggregate production (I3]), we have (I3).
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Next, following Lemmas and the aggregate demand of cryptocurrency, M, satisfies:

L=B(l—r) ' ow  (Bp*(1 — ))MY)
Bl—r) @ ow (Bp(l - r)M?)
Under Assumption wla) goes to infinity as g approaches zero, and it equals 1 when ¢ = ¢*.

[ w'(q)
is decreasing in ¢; for ¢; < ¢*. As a result, given the functional forms and

= —1] (A.10)

u'(gt)
w’(gt)

parameters of the model, there exists a unique value of p** and M ** satisfying both (A.T0) and (15])
with M** = M¢9. Accordingly, there is a unique 2** = p**M** solving . Likewise, following

Lemma[A.2] there is a unique ¢*° that solves (I6). By construction, the above results constitute a

Therefore,

unique stationary monetary equilibrium in which the price of cryptocurrency is constant.
[

A.2.  No Production of Cryptocurrency

This section provides a special case to the stationary monetary equilibrium of a cryptocurrency-

only economy in which there is no cryptocurrency production.

Proposition A.1. Under Assumption there exists a unique stationary monetary equilibrium in
which the price of cryptocurrency changes at a constant rate s.t. p; 1 = ﬁpt, and in which no

cryptocurrency is produced. The equilibrium outcomes are characterized by:

1— 6 _ u’ow_l(ﬁzss)
o [w’ ow(f2%) — 1] (A1)
¢ =w ' (82%) (A.12)

[Proof of Proposition [A.1]

Proof. In stationary, the real balances are constant, and MA}—T = ptp_~tH = 1 — k Vt. Following
Lemmas [A.3|and [2.1] the real balance 2** satisfies (A.IT)). Under Assumption [2.1] there exists a
unique z** > 0 that solves (A.TT)). Next, following Lemma[A.2] the consumption of the DM good
¢*° < ¢* can be uniquely determined by (A.12). By construction, the above results constitute a
unique stationary monetary equilibrium in which the price of cryptocurrency changes at a constant

rate. In equilibrium, the stock of cryptocurrency in circulation is the existing stock.
]
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A.3. Non-Stationary Equilibria

Previous results have shown that, in the cryptocurrency economy, there is a non-monetary
stationary equilibrium, i.e., p®* = 2** = 0, and a monetary stationary equilibrium, i.e., p* >
0, 2% > 0. In this section, I explore the non-stationary equilibria in the economy and investigate

the existence of inflationary equilibrium trajectories.

Proposition A.2. Under Assumptions2.1]and 2.2} there exists a continuum of equilibria in which

the values of cryptocurrency converge to zero.

[Proof of Proposition [A.2]

Proof. Following Lemma [2.1] the relation between values of cryptocurrency p; and p;.; can be

written as p; = g(py41) in equilibrium, such as:

"1
= B0 = 1 =)+ B0l
Under Assumption there exists a unique p; = g(piy1), Vpir1 > 0. Clearly, goes through
the steady state points (0, 0) and (p®*, p**) where p** > 0. Next, following Lagos and Wright|(2003),
I show that in the space (p;, p1+1), the phase line representing RHS of the (A.13)) intersects the 45°
pss=o) > Land ¢'(p** |pess0) < 1.
According to the law of motion and the aggregate production for cryptocurrency, the aggregate

] (A.13)

line from below, s.t. ¢'(p®

money stock M, satisfies M; = M, | + cgl(max{pt, ¢s(0, M;_1)}). Using the Implicit Function

Theorem, the implicit differentiation becomes:

1L”ow71(-)w’ow71(~) _ u’ow71(~)w”om71(~)

apt /8(1 N /{)(1 i 0_) + /80‘(]_ N /{)[ZZ‘: - ;] + /62 (1 _ ,{/)2pt—|—1Mt[ w/owfl(')[wlowil(.)]Qw/owflb)

]

apt+1 u” ow_l(-)w/ow_1(<)_u’ow_1(<)w”ow_1(-)

wow—1(- w/ow—1(-
1-— 520'(1 — /{) pt_H 881‘];[; [ ()[w’ow*1(~)}2 = ]

wow wow ()  wow T Hw ow ()

Under Assumptions and %—j‘lff > 0 and [—=/ee—0) ow ()] < (. At steady

Wow ()P

state points, we have:

Opy u'(0)
—— |pss—o =Bl —kK)(1—0)+ fo(l —k >1
oy 70 (1-£)(1—-0) ( )[w’(O)]
apt 1 + ﬁQU(l ) SSMSSU ( )w (?wlgqsg)](d ) ( ) < 1
p35>0 = Ss u77 w/ u QS w7’ SS
Opi+1 1 — B20(1 — K)2pss® 8@%@ (¢°*) (([wang)](S Jw” (g°%)
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As ¢'(0) > 1 and ¢'(p*) < 1,Vpy < p®°, there exists a continuum of equilibria converging to the
non-monetary equilibrium.
N

Proposition[A.2]shows that cryptocurrency is subject to a self- fulfilling prophecy, even under
the existence of a monetary equilibrium with a stable price. For an initial cryptocurrency value
less than its steady-state value, there exists an equilibrium path that the values of cryptocurrency
depreciate and converge to zero. Along the inflationary equilibrium trajectory, the expected depre-
ciating currency values lead the real balances of cryptocurrency to decline and converge to zero.

In this situation, agents’ beliefs about the depreciating value of cryptocurrency can be self-fulfilling.

A.4. Two-Currency Model

Lemma A.4. The solutions to the terms of trade (qP* , AP ) in the decentralized market DM, DM €
{1,2, 3}, are given by:

(=g AT == 5
=, B =mp = A
(%DM? dtDM) - ; 7 3,m 3ct /Bpij—zlb(lilﬁZb Zf ADM’t = W(q*>
q =q, (df ydy ) = (mt T,my )
\ sit. w(g*) = By + pf (1 — k)img®)
gt =g =w (Ay), 4" =m
(g7™, dPMy = @ =q=w(Agy), & =my’ if Apmy <w(q*)
L @ =0 =w (), (A7, d)) = (m™" my?)

where Apyry denotes the total value of assets that are used for trading in the DM € {1,2,3}
and in period t, such that A,; = Bpﬁlm;n’b; Asy = Bpi (1 — K)ms?; Ay = ﬁ(pﬁlmzn’b +
(1 — &)pS, me”). The DM output ¢* = argmax [u(q;) — w(q,)), and GPM < q* when Apar; <
w(q*), VDM €{1,2,3}.

[Proof of Lemma[A.4]

Proof. According to (22)), problems (25)-(27) can be simplified as follows.

In DMI: max  u(q}) — Bpff.d™ (A.14)
qtladt’m
1 m 1,m 1,m m,b
st — W(Qt) + ﬁptﬂdt >0, dy" <my
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In DM2: max u(q?) — Bp§ (1 — K)d* (A.15)

qi 7d
st —w(g}) +Bpi (1 —rK)dyC >0, d° <mp’
InDM3:  max, u(g) - Bpiady™ = B (1 — k)d) ¢
st —wl(g)) + Bpidy™ + Bt (1 — k)dy© >0 (A.16)

3 b 43 b
dt’m S mm7 ’dtvc S m§7

Similar to the cryptocurrency-only economy, if a buyer can afford ¢* using the currencies that
are accepted as payment methods in that decentralized market, then the buyer would pay for

* s 1m mx . w(@®) 2,c ck w(g®) 3m g3.e\ ~Amb  ~cb
q, 1.C., d = my = By, d = m; = m, (dt 7dt ) = (mt ,my’ ) S.t.

w(g*) = By M + pi (1 — w)me?).  Otherwise, the buyer would spend all the curren-

cies that can be used in that market to purchase the DM good.
More specifically, in DM1: d'™ = m}"’ ¢} = w=Y(Bp m;"") < ¢*; in DM2: d>¢ =
mi’, gt = W (Bpgy, (1=r)m{") < ¢*;andinDM3: (™, dj) = (m{"*,m{"), g} = w= (B my™"+
Bps (1 — K)myg ’b) < ¢*, which implies that cryptocurrency and fiat money are perfect substitutes
in DM3 in equilibrium, in the sense that agents are indifferent about the two currencies.
The DM output, ¢”, DM € {1,2,3}, can be proved following Lemma A.2}

. b b b oGl (m™*® B
i Vm™ < mi™, G (m:n ) = (5pt+1mm ) = qé(n:yfb ) — (q:Z:: ™) >0
.. _ 52 (mS° 1— n)
Y c,b c* c,b — 1 c cb 9g; (my”) _ Bpt+1( 0
1 my < mt ) qt (mt ) <Bpt+1( H)mt ) = Bmf’b w/(q?(mt )) >

iii. v 6(pm-1m;n7b + (1 - “)pf-klm?b) < W(q*)a (Qt (mi’)) ﬂ(pt-s-lmt o + (1 - )pt+1m§ b)

aQt (mt) Briia 8(11; (mt) szfH(l — K)
= = - >0 and = -
om;™  w(¢(mp)) oms" W' (g} (my))

~ m,b c,b
Following Assumption 94; (my” ) 8‘1%(”;% ) 8;t (21 i), 8? (rcnlf) > 0,and ¢}, G2, ¢ < q*.

om,"” omy’
O
Lemma A.5. The optimal currency portfolios for a buyer and seller must satisfy:
m, pm m s m, c,
[my b] ;m - > OélaL(ptht ) + azo L(p)ymy"” *+ (1 = K)pyamy b)
Bpt—i-l
“=7if mp"" >0 (A.17)
[my”] P > o L(piq (1 — k)my’) + azo L(pyymy™ Y- KDty ")
ﬁp§+1(1 - “)
“=4f mi’ >0 (A.18)
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0 f X = w(q"
where L(X) = , Xzl
[(Lowl(BX)—1}>0 i BX <wl(q)
[mi™*] =" + Bl <0 “="if mi >0 (A.19)
"] = pf + B (1—k) <0 =7 om0 (A.20)
[Proof of Lemma [A.5]]

Proof. The optimal currency portfolios for a buyer and seller can be obtained by taking the F.O.C.
of (28)-(29) with respect to [m™7] and [m®’], j € {b,s}. The term L(-) represents the liquidity
premium. It equals to zero when buyers can afford ¢* in a decentralized meeting, and is strictly

greater than zero when buyers cannot afford ¢*.
[

[Proof of Proposition 2]

Proof. In stationary, pf M} = pf,, M., = zi*,k € {m, ¢}. According to Proposition|I} the price
of cryptocurrency must remain constant in a stationary monetary equilibrium. When M}, = vM™
and My, = My, a stationary equilibrium in which z,,, > 0 and z. > 0 exists, solongas 8 < vy < ¥
and 0 < fi, where ¥ = Bay0L(0) + —2— (-1 — ) + 3 is obtained from by replacing 1 = 0,

as+az \1—x
and /1 = B(1 — k){a20L(0) + 1} — 12J1rs i)btained from (34), given v € (8,79).

Following (1) and |i the aggregate production of cryptocurrency satisfies A% = cgl(pﬁs)
and A* = xkM?*, which implies (38). Following (30)-(31)), the real balances of the two currencies,
zee and 25° = pP*M?*, satisfy (36)-(37). Following Lemma the steady state consumption
of the DM good in each decentralized market satisfies (39)-(@1I)). Given the functional forms and
parameters of the model, the equilibrium outcomes can be jointly determined by (36)-(42)), under
Assumptions [2.1]and 2.2] By construction, the above results constitute a stationary equilibrium in

which both currencies are valued.
O]

Appendix B. An Extension of Cryptocurrency Security

This section models the cryptocurrency security in the cryptocurrency-only economy as theft

instead of loss in the main text. The difference between loss and theft is that loss means a fraction
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of cryptocurrency holdings is gone for every agent. In contrast, theft means some agents lose a
fraction of their cryptocurrency holdings, but other agents get those lost units, making the aggregate
stock of cryptocurrency unchanged before the production. Then the new cryptocurrency law of

motion becomes:
My = M,y + A (B.1)

Since the miner’s problem is the same as in the cryptocurrency-only model with cryptocurrency
loss, the aggregate new cryptocurrency supplied in period ¢, A,, satisfies (13).

I show that, similar to the model with currency loss, there is no stationary monetary equi-
librium in which the price of cryptocurrency changes over time. However, different from the
model with currency loss, in this economy, no cryptocurrency is produced in a stationary monetary
equilibrium. That is, the cryptocurrency production will stop, and the only units that circulate in

the economy will be the existing stock.

B.1. Buyers and Sellers

In the first sub-period, a typical buyer b and seller s enter the centralized market with m?_,
and m;_, units of cryptocurrency from the last period, respectively. In the centralized market, a
fraction of the buyer’s cryptocurrency holdings, km? ,, is thieved, and meanwhile, the seller gets

these thieved cryptocurrency units. Then the CM value functions become:

WY(my_y) = max oy + Vi (mg), st x4+ pemi = p(l = K)mi_,
xt,mt

Wi(mi_,) = max zy + Vi (myg), s.t. xf + pemi = pi(mi_; + ”m?—l)
T3 ,m;

The above CM value functions can be rearranged as:

WP (my_y) = pi(1 — k)m}_; + WP(0) (B.2)
Wi(mi_y) = pe(my_y + rmy_y) + W7 (0) (B.3)

where W (0) = max,pcp, —pim{ + V" (m}) and W (0) = max,scr, —pim; + V,*(m;). Similar
to Lemma[A.T] the choices of cryptocurrency holdings are independent of the agent’s initial cryp-
tocurrency holdings when entering the centralized market, cryptocurrency losses, and theft.

In the second sub-period, the buyer and seller enter the decentralized market with m? and m;
units of cryptocurrency, respectively. The DM value functions are the same as (5)-(6). According
to (B.2)-(B.3)), the terms of trade are given by the solution to:
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max u(qr) — Bpe1(1 — K)dy

st. —w(q)+ Bpiridy >0 (B.4)

dtgm?

Lemma B.1. The terms of trade, (q;, d;), that solve problem are given by:

* . b > * * . b > *
g (m?) —{ ¢ g2 m; dy(m?) = { mi Az (B.5)

* *

A . b . b
G if mi<my m; if my<mj

where ¢* = argmax [u(q;) — (1 — K)w(q)], m; = 225327 and G = w=H(Bp1m?).
[Proof of Lemma
Proof. Everything follows the Proof of Lemmal[A.2]
0
Then the DM value functions can be expressed as:
VI (mg) = B(pesi (1 = w)my + Wiy (0)) + olu(g(my)) — (1 = k)w(ge(my))] (B.6)
Vi (my) = Bpesa (mi + mmy) + Wi (0) +0 (B.7)

Next, from (B.2)-(B.3)), the optimal cryptocurrency holdings, m?, mg, are given by the solutions to:

W (mi_y) = max —(py — peaa B(1 — K))my + alula(my)) — (1 — K)w(q(m;))]  (B.8)

my ER+

Wi (mi_,) = max —(ps — praff)m; +0 (B.9)

mf eRy

The optimal cryptocurrency holdings of a typical buyer and seller satisfy:

—pi + Bpe (1 — k) +v,(ml) <0 “="if ml>0 (B.10)
—pt + Bpi+1 <0 “=7if mi>0 (B.11)
’ 0 lf mb > m*
where v, (m?) = ) . Z Zmy
aﬁptﬂ[w,(qi(mz,)) —(1=r)]>0 if my<m;

When cryptocurrency is costly to carry for buyers, i.e., ptp—;l > [(1 — k), they will only carry what

they expect to spend in the decentralized meeting.
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B.2. Stationary Equilibrium

The equilibrium definitions are the same as in Section 3] except for the law of motion.

Proposition B.1. Under Assumption there is no stationary monetary equilibrium in which the

2= (1 + p),u # 0. There exists a unique stationary

price changes at a constant rate s.t.
monetary equilibrium, in which the price of cryptocurrency is constant. The equilibrium outcomes

are characterized by:

1-06(1—-« W ow Bz
Gt ) = - _1( ) — (1= k)] (B.12)

of W' o w=(Bz5s)
qss — w—l(ﬁzss) (B13)
A=0 (B.14)

[Proof of Proposition B.1]]

Proof. Suppose there is a set of variables that construct a stationary equilibrium in which the price
changes at a constant rate s.t. ptp—il = MJ\Z—T = (1 + p). Following (B.1) and 1| the aggregate

production of cryptocurrency must satisfy:

cgl(pm) = ulM, (B.15)
According to , the aggregate demand of cryptocurrency, M¢, satisfies:
(1+p) —B1—r)(1-0) _ [ul 0w (Bpea M)
Bo w' o W= (Bpr1 M)
Under Assumptions [2.1] and 2.2 and given the parameters of the economy, p,; and M, can be
pinned down by (B.15) and (B.16) with M; = MZ. Thus, p;;; and M; do not change, which
contradicts to the assumption that the price of cryptocurrency changes over time.

In stationary, p, M; = p; 1 M1 = 2°°, Vt. According to , A; = 0. Then following the
optimal cryptocurrency holdings conditions and market clearing for cryptocurrency, the real balance
2** satisfies (B.12)). Under Assumption [2.1] there is a unique 2** solving (B.12). Then following
Lemma the steady state consumption of the DM good, ¢*° < ¢*, is uniquely determined by

] (B.16)

(B.13). By construction, the above results constitute a unique stationary monetary equilibrium, in
which the price of cryptocurrency is constant. In this equilibrium, no cryptocurrency is produced.
]
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Appendix C. Alternative Private Money Economy

In this section, I consider an alternative private money economy in which the cost of produc-
ing an additional unit of money is independent of the aggregate nominal stock.
Suppose the cost function is convex in the newly produced units of money and satisfying the

following assumption.

Assumption C.1. The cost function of producing private money, c(5!) : R — R, is increasing,

dc(8}) > 0, 92c(3}) > 0, and satisfies ¢'(0) = 0.

convex, and twice differentiable, s.t. 25 257

Then the maximization problem of a typical miner in period ¢ is written as follows and can be
solved by taking the F.O.C.

max  p;6; — c(d}) (C.1)

5i>0

Lemma C.1. Under Assumption a typical miner i produces 5! units of cryptocurrency in

period t, given p,, such that:

9e()
BY

§; = c; ' (max{p;,cs(0)}), where c; = (C.2)

In this set-up, a miner’s production decision only depends on the price of private money.

Example C.1. Suppose the production cost function takes the functional form: ¢(0!) = B 5;2, B>

0. In this case, a miner i would produce 5! = max|0, 2] units of cryptocurrency.

Further, the aggregate new cryptocurrency in period ¢, A;, becomes:

1
Ay = / 6;di = c5 ' (max{py, cs(0)}) (C.3)
0

C.1. Economy Without Currency Depreciation

Suppose the currency depreciation rate is zero as in the standard private money literature,

see, |[Fernandez-Villaverde and Sanches (2019). Then the net circulation of money in each period is
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only determined by the newly produced units, such that:

Mt = Mt—l + At, At Z 0, M_1 given. (C4)

Proposition C.1. Under Assumptions 2.1 and and given k = 0, a stationary monetary equi-

librium of private money is inconsistent with price stability.

[Proof of Proposition

Proof. Suppose there is a stationary equilibrium with a stable price, s.t. p; = pry1 = p** > 0.
Under Assumption and given , Ay = ;' (p**) > 0. It follows that, M, > M, under
price stability, which violates the requirement of a stationary equilibrium. Thus, the price of
cryptocurrency cannot remain constant, and the monetary equilibrium necessarily has positive
inflation.

]

Intuitively, in order to have an equilibrium with a stable price, the aggregate nominal stock
of private money must be constant. However, given the new shape of the production cost function
in Assumption c(0) = 0, miners always have an incentive to produce additional new units of
private money when the money is valued. Therefore, the aggregate money stock cannot remain
constant given zero currency depreciation. Thus, the equilibrium consistent with price stability
cannot be sustained. Further, we cannot have a deflationary equilibrium either because miners
would produce more new units due to the high return on money. Thus, if I make the marginal
production cost independent of the aggregate nominal stock of money in my model and set the cur-
rency depreciation rate to zero, a monetary equilibrium would necessarily have positive inflation.
The result of Fernandez-Villaverde and Sanches is correct in a version of my model with different

assumptions about the production cost function and currency depreciation.

C.2. Economy With Currency Depreciation

Next, consider an economy in which the cryptocurrency is lost at a positive rate £ > 0. In

this case, the monetary equilibrium of private money is consistent with price stability.

Proposition C.2. Under Assumptions [2.1) and there is no stationary monetary equilibrium

in which the price of private money grows at a constant rate. There exists a unique stationary
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monetary equilibrium in which the price of private money is constant. The equilibrium outcomes

are characterized by:

1= B(—k) _ 0w (B"(1~ x)
of(1— k) - [w/ ow1(Bz5(1 — k)) —1] (C.5)
1—-8(1—-k) B u' ()
! + O'ﬁ(l — /{) o w/(qss) (C6)
A =5l (p™) = kM (C.7)

[Proof of Proposition [C.2]

Proof. Everything follows the Proof of Proposition |1} by replacing the production cost function
with the one specified Assumption
]

If private money has a positive depreciation rate, there is no inflationary equilibrium. Even
though the marginal cost is independent of the nominal money stock, decreasing currency values
weaken miners’ incentives to produce money in excess of depreciated currency. Therefore, the
aggregate stock of private money cannot be increasing, which violates the requirement of an
inflationary equilibrium. In this setting, the stationary equilibrium is consistent with a stable price,

and miners would constantly create new units that replace the depreciated money in each period.

Appendix D. Exogenously Supplied Cryptocurrency

In this section, I develop a two-currency economy in which the new cryptocurrency is
exogenously supplied rather than endogenously produced. Specifically, there are no miners in
the economy. The aggregate new cryptocurrency in period ¢ satisfies A, = eMf ,e > 0, and
is implemented through lump-sum transfers to agents in the centralized market. Then the new

cryptocurrency law of motion follows:
M; =M+ A —cM; = (1+e—r)M;, (D.1)

I show that there exists a stationary equilibrium in which both currencies are valued and in
which the price of cryptocurrency changes at a constant rate. Different from the two-currency
model with endogenously produced cryptocurrency in the main text, a two-currency model with
exogenously supplied cryptocurrency cannot have an analog of the equilibrium in which the price

of cryptocurrency must remain constant.

50



D.1. Buyers and Sellers

The problems faced by a typical buyer and seller are the same as those in the two-currency
economy described in Section 4], except for agents receiving the new cryptocurrency supply in the
form of lump-sum transfers during the first sub-period, i.e., T} = pfeM; ,, expressed in terms of

the CM good. Thus, the CM value functions of a buyer and seller are:

We(my_y) = p'my™) + (1= m)pimily +T7" + 17 + max —pymg +V,(mp)  (D2)

mg ER
Wtb(0,0)
We(mg_y) = pi'm;2y + (1= &)pimy"y +T7 + max —pymy + Vi (m}) (D.3)
mt T
w; (0,0

From (D.2)-(D.3), an agent’s choice of currency portfolio is independent of lump-sum trans-
fers/taxes, cryptocurrency losses, and the agent’s initial currency portfolio when entering the

centralized market.

D.2. Equilibrium

Definition D.1. Given v and €, an equilibrium is a set of decision rules in the centralized market
{zb, ml, x5, m3}52,, the terms of trade in each decentralized market {(q}, d;"™), (¢, d>°), (¢3, d;"™,
d3’c)}§°0, and sequences of values of cryptocurrency and fiat money {p§, p{" }:2,, such that for all
t > 0: {zb, m?% x5, m$} solve problems (lDZI) (lDEI) and(.) (.) {(q}, di™), (g2, d>°), (g3, d>™,

df “)} solve problems @—(12:71), as well as market clearing for centralized good, fiat money, and

cryptocurrency, and the cryptocurrency law of motion are satisfied.

Next, I characterize the stationary equilibrium in which both currencies are valued, i.e.,
Zm > 0and 2z, > 0. Given M}, = vM;" where v >  and My, = (1 + € — k)M where
1+ ¢ — k> (1 — k), and according to (30)-(31), the equilibrium conditions satisfy:

. Zm Zm | (1 —K)z :

> L(— L(— + —+— “="if 2z, >0 D4

) _0410(7)4—0430(7—1—1_’_6_/{) 2 (D.4)

, (1—kK)z. Zm (1 —K)z. _

¢ > L(—— L(— 4 ——— “="if z.>0 D.5

ic > Qoo (1+€_K)+a30(7—|—1+€_l{) if 2 (D.5)
where i, = 2t— — 1 and i, = % — 1. Following the existence conditions de-

ﬁ Pii1 ﬁpt+1(1 K)

scribed in Section [5] cryptocurrency and fiat money can coexist so long as 5 < v < 7 and

B(l —k) <1+4+e—r <1+ i, where 7y and [ are given by:
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147 _ as
5= ) 1 =ayoL(0) + o (5 1) (D.6)
T 1=aoL(0)+ -2 (1“_“—1) (D.7)

D.3. Coexistence

Proposition D.1. Given v,¢ and apy € (0,1) VDM € {1,2,3}, under Assumption there
exists a stationary equilibrium in which both cryptocurrency and fiat money are valued, so long as

B<vy<yand f(1 — k) <14 € — Kk <1+ . The equilibrium outcomes are characterized by:

= wew (BEF) Wow (B + HET)
Uﬂ = W/O(J.)il(ﬁZTm) 1] +a3[w’ow—1 ﬁ(% le_le ';))) 1] (D8)
Lte—r) B0~ Tow (BT ow A ¢ Fre)
( +60, mi _i( K) - ag[“/ w_l( :(FLH)) — 1]+ asg] — &t Zl:(rlin) —1] (D.9)
@ = w*(ﬁ%’”) (D.10)
ss -1 Zc(l - H)
% b= (D.11)
ss __ . —1 Z_m Zc(l — K])
@ = (67 B (D.12)

[Proof of Proposition [D.1]]

Proof. In stationary, py M = pf  MF, = 2z, Vi, k € {m,c}. Given § < v < 7 and
B(l—k) <1l4+e—k < 1+4p,from —, the real balances of the two currencies, z,, and z,,
satisfy (D.§)-(D.9). Following Lemmal[A.4] the steady state consumption of the DM good in each
decentralized market satisfies (D.I0)-(D.12). Given the functional forms and parameters of the
model, a set of equilibrium outcomes can be jointly determined by (D.8)-(D.12), under Assumption
[2.1] By construction, the above results constitute a stationary equilibrium, in which both fiat money
and cryptocurrency are valued and in which the supplies of cryptocurrency and fiat money grow at

constant rates.
O

Appendix E. Miners Carry Currencies
In this section, I assume that miners are allowed to carry currencies.
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E.1. Carry Cryptocurrency

First, I describe the problem of miners in the cryptocurrency-only economy. I show that
when miners are allowed to carry cryptocurrency, they will sell all the newly produced units after
the production in equilibrium.

In the centralized market, a typical miner i chooses the consumption of the CM good, =,
the amount of new cryptocurrency to produce, d¢, and cryptocurrency holdings, m!. Since miners

remain idle in the second sub-period, the maximization problem is represented by:

Wi(mi_y) = max ped; — (8, My—1) + pio(1 — w)mi_y — pemy + fWiga (my) (E.T)

Taking the F.O.C. with respect to ¢! and m, we have:

pr—cs(0h, My_1) <0 “=7 if § >0 (E.2)
—p + Bppi(1 — k) <0 “=> if m!>0 (E.3)

From (E.2), a miner will produce 6! = c¢; ' (max{p;, cs(0, M;_1)}) units of cryptocurrency in period
t. From (E.3)), a miner will not hold any newly produced units when p; > p;.1(1 — k). Therefore,
in a stationary monetary equilibrium in which the prices of cryptocurrency remain constant, miners

do not keep any newly produced units, m’ = 0, V.

E.2. Carry Fiat Money

Next, I describe the problem of miners in the two-currency economy in which miners are
allowed to carry fiat money.

In the centralized market, a typical miner i chooses the consumption of the CM good, z!, the
amount of new cryptocurrency to produce, ¢¢, and fiat money holdings, m?’i, and sells all the newly
produced cryptocurrencies at price p; after production. The maximization problem of a typical

miner ¢ is represented by:

Wi(mi™y) = max  pio; — (&, M) + o (m5 = mi™) + BWon (mi™) (E4)

Solving the problem (E.4), we have:

pS—cs(6L,ME ) <0 “=" if 6 >0 (E.5)
P+ BpT S0t =" i m >0 (E.6)

From (E.5)), a miner will produce 0; = ¢; " (max{p{, cs(0, M¢_;)}) units of cryptocurrency in pe-

riod ¢. From (E.6)), a miner will not hold any unit of fiat money when it is costly to carry, i.e.,
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pi* > (pit,. As the stock of fiat money grows at y > f3, m}"" = 0 in equilibrium, V¢. Therefore,
the equilibrium outcomes remain the same as those of the two-currency model in Section ] in

which miners are assumed not to carry fiat money.

Appendix F. An Example of the Cost Function

This section describes the equilibrium outcomes of the cryptocurrency-only economy with
the production cost function, c¢(d;, M;_1), specified in Example
Under Assumption a typical miner i produces ¢! units of cryptocurrency in period ¢,
given p; and M;_4, such that:
pe— DM;
2B

A miner’s production decision in each period depends on the value and the stock of cryptocurrency.

J (1)

§; = max|0,

A miner will not produce any cryptocurrency if p, — DM;_; < 0. Further, the aggregate new
cryptocurrency in period ¢, A;, becomes:

pr — DM,y

] (F.2)

1
Ay = / Sidi = max|0,
0

Proposition F.1. Under Assumption|2.1land Example[2.1| there exists a unique stationary monetary

equilibrium, in which the price of cryptocurrency is constant. The equilibrium outcomes are

characterized by:
1= B—r) _ w 0w (5z"(1 )
0’6(1 — /i) o [w/ o w_1(5235<1 _ :‘i)) - 1} (FS)
p** = (D + 2BK)M** (F.4)
1-p(1—=k) u(¢*)
! - E5
+ O'ﬁ(l — Ii) w/(qss) (E.5)
AT = kM (F.6)
[Proof of Proposition [F.1]

Proof. Everything follows the Proof of Proposition [I] by replacing the aggregate cryptocurrency
production A, with (F.2). Under Assumption [2.1]and Example and given the functional forms
and model parameters, the equilibrium outcomes can be uniquely determined by (F.3))-(F.6).

]
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Appendix G. Comparative Statics

The comparative statics in Table [T are obtained using the Cramer’s Rule, following Zhu and

Hendry| (2019). In particular, consider the equilibrium conditions:

. Zm Zm (1= k)2

iy = uoL(—)+azoL(— + ——
L) +aaot(2 4+ B2

_ (1 —K)z Zm (1 —K)z

be = Qoo L(~—25%) 4 qpo L(22 4 ¢
20 L 1+pn ) 39 (7 14+ p )

Taking derivatives of both equations with respect to ¢,,, we have

1 dzm, m  (1—=R)z. , 1dz, 1—kdz

| = apor/(Zmy L dm g =Rz 1d2 ) (G.1)
vy dig, 0 1+p " vdiy,, 14 pdig,
1=Kz 1 — K dz, o (1=R)z 1dz, 1—rdz

0 = aor (L= lormdze | opycm (L= K)z) 1dz %y (G2
14+p "1+ pdiy, v 1+up “vydiy, 14 pdiy,

Equations (G.I) and (G.2) can be written as:

H - [%L%%m)% i SRR N ] H
-~ —K)ze\ /1 —K)Zc Zm —RK)Zc\( 1=k dzc
0 0530'[/(27 + Ttu )(;) a20L/( 1+ )1+,u +a UL/< 1+p xm) ﬁ
oL/ ()L + ago T (2 + U5 (L) ago L) (2 + U (1=t
Let D=det| (1—r) N (1—K)ze\ 1 e 171— )
azoL/(Z 4 = )(i) oo L' (557 ) 15y + aso L/ (22 + W)(;_Z)
m 1 1— c 1-— m 1 m 1— c 11—
= ol () Lo (L2 Lk ey L e LRy 1=y
Yy L+p "1+p Yy g L+p " 14p
Zm (1 —K)ze, 1 (1-K)ze.1—k
+ ool (- + —L) (S )ago L
5 (’y T u )(7)2 (1+u )1+u
Zm (1-Kr)ze\ [ 1—k
Let D,, = det agaL’( T T )(1+u)
m 1—k)ze K Zm 1—k)zc —K
0 agaL'((lﬂ)t )L_“—Fa oL (% —I—%)(h—#)
1—r)z..1—K Zm 1—r)z.. , 1—~&K
—apop(U e Lok i B K)oy 1=y
I+p "1+p ¥ I4+p "1+p

1) (2 1 + Ve (1—H)Zc 1 1 1— 1
Let Dc _ det 10 ( ) , ZOé 30 (f ,L)zc 11+M )(fy) — _Of30-L/(z_m + ( K/>ZC)(_)
aaL(m+ 7)) 0 gl L+p 'y
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Using the Cramer’s Rule, Zj: = % < 0, gfé = % > 0. Similarly, taking derivatives of the
equilibrium conditions with respect to other parameters and repeating the above steps, we can

obtain the rest comparative statics in Table [I]

Appendix H. Fiat Money Economy and the Laffer Curve

This section derives the stationary equilibrium of the fiat money-only economy and generates
the Laffer curve. Fiat money is exogenously supplied according to a deterministic growth rate, and it
is modeled in the same way as in Section @ However, there is no competition with cryptocurrency,

i.e., oy = 1, s = a3 = 0, and thus, no miner’s sector.

H.1. Environment
The CM value functions for a typical buyer b and seller s are:

b m,by b b m,b b mb _  m___mb
Wy (mi")) = ! ax - Ty + Vi (my™”), s.t. x +pemy T =pmy ) + 1
xl,my

S m,s\ s s m,s s m,s __ m,s
W (miZy) = max — r; + Vi (mg™?), s.t. Ty +pemy T = pemy
Ty

The DM problems for a typical buyer and seller are represented by:

Ve (m"") = max - ofu(q) + BWE (M — dy)] + (1 — ) BWE,, (m™")

Vo (m™) = ol=w(a) + BW2 (mg™" +di)] + (1 = o) BWEy, (m™)

In each decentralized match, the terms of trade are determined by a take-it-or-leave-it offer by a

buyer. The optimal offer is given by the solution to:

max  u(q) + AW (m — d,)

qt,dt

st. —w(q)+06 til(m?’s +dy) > t8+1(m:5ms)

m,b

Lemma H.1. The solutions to the terms of trade (q;, d;) in the decentralized market are given by:

* mx w(g* - m m,b *
(40 dy) = { (¢7, mp™ = i) if Bpiami™ > w(q”)
tyWt) —

(W Bpm™), mi") if Bpam < w(g*)

56



b

Following Lemma the optimal currency portfolios, m;"”, m;"*, are given by the solutions to:

Wimity) = max — (pf" = Bpjiy)mi"™ + olua(my™")) — B di(my™)]

m,b

my T ER4

Wf(mﬁi) = DNax — (p;n - ﬂpﬁl)m?’s +0

’m;n’SER+

Lemma H.2. The optimal currency portfolios for a buyer and seller must satisfy:

[my™"] 5?;1 -1 > aL(pf}rlmzn’b) “=7if m™ >0
41
where L(X) D i opxzwld)
Low '(BX) =1} >0 if BX <w(q)

[m™] ="+ B <0 “= om0

The term L(-) represents the liquidity premium. It equals to zero when buyers can afford ¢* in a

decentralized meeting, and is strictly greater than zero when buyers cannot afford ¢*.

H.2. Equilibrium

Definition H.1. Given v, an equilibrium is a set of decision rules in the centralized market
{xb,mb x5 mi}2,, the terms of trade in the decentralized market {q;, d;}3°,, and sequences of
values of fiat money {p*}32,, s.t. ¥t > 0: the CM and DM maximization problems are solved, and

market clearing conditions for centralized good and fiat money are satisfied.

Proposition H.1. Given v and oy = 1, and under Assumption there exists a stationary
equilibrium in which fiat money are valued, and in which the price of fiat money changes at a
constant rate s.t. pi'i; = %p}”, so long as < v <5 = BoL(0) + B. The equilibrium outcomes

are characterized by:

1=p _ wouwl(s)

B [w’ owH(f=m) 1 (D
¢ = w (B (H.2)
v

[Proof of Proposition [H.1]|

Proof. In stationary, the real balances are constant. Under Assumption there exists a unique
Zm > 0 that solves (H.I). Following Lemma H.1} ¢°° < ¢* is uniquely determined by (H.2). By
construction, the above results constitute a unique stationary monetary equilibrium.

O
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H.2.1. The Laffer Curve

According to|Ljungqvist and Sargent (2000), the Laffer curve can be derived as 2, () (1 — %),
where the equilibrium z,,(7) is determined by (H.1). Following Nosal and Rocheteaul (2011), the

1—a

functional forms are set to u(q) = “— with a < 1 and w(q) = ¢. Then the Laffer curve becomes
1 oB+vy—0F 1,7 a1 1
o) (1 — =) = (22T Py =3yt (1 — =),
M- == T a- )

By plugging into the parameter values specified in Table [2] the Laffer curve is plotted in Figure
[I(a), as shown in Section[5.1.3]

Appendix I. Special Cases in Two-Currency Model

In this section, I explore the coexistence of cryptocurrency and fiat money under the following
cases: 1) when there are completely segmented decentralized markets; 2) when cryptocurrency
has an inherent advantage relative to fiat money in markets; 3) when fiat money has an inherent

advantage relative to cryptocurrency in markets.

I.1. Completely Segmented Markets

Suppose there are only two decentralized markets in the economy: DMI1 and DM2, i.e.,
aj,ay € (0,1), a3 + az = 1, and a3 = 0. That is, agents are only allowed to trade with fiat
money in DM1 and trade with cryptocurrency in DM2. Then equilibrium outcomes (30)-(31) can

be expressed as follows:

T > alaL(Z—m) “="if 2, >0
Y
c 1 -
ie > O@O‘L(M) “=7if 2. >0
1+

Proposition I.1. Given v and {a1, as, a3} s.t. ag,as € (0,1), ag + a9 = 1, and a3 = 0, under
Assumptions[2.1|and[2.2] there exists a unique stationary equilibrium in which both cryptocurrency
and fiat money are valued, and in which the price of cryptocurrency is constant and that of fiat
money changes at a constant rate s.t. p/,, = %p;”, solong as f < v <7 = BayoL(0) + 5 and

0 < it = (e L(0) + 1)B(1 — k) — 1. The equilibrium outcomes are characterized by:
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v—pB  uow l(fE=)

5 -l w—l(ﬁ%) -1 (L.1)

1B —k) _ ow (fz(l — k)
B0—r e —r) ! 12)
c5 ' (%) = KM (13)
q° = w_l(/BZVm) (1.4)
43" = w ' (Bze(1 = k) (L5)
AT = RS (16)

[Proof of Proposition |L.1]

Proof. Everything follows the Proof of Proposition [2| by replacing s = 0. Then, under Assump-
tions[2.1]and 2.2] a set of equilibrium outcomes can be uniquely determined using (L.1)-(I.6), given
the functional forms and parameters of the model.

]

Since each currency is essential in some transactions, agents will hold both currencies to
smooth consumption in two decentralized markets, so long as neither currency is too costly to

carry, and there is a dichotomy between two currencies’ sectors in the economy.

[.2. Inherent Advantage to One Currency

Consider a two-currency economy where one currency has an inherent advantage, modeled

as the degree of acceptability in decentralized markets, relative to the other currency.

1.2.1. Inherent Advantage to Cryptocurrency

Suppose there are only DM2 and DM3 in the economy, i.e., «; = 0, as,a3 € (0,1), and
as+ a3 = 1. In this set-up, cryptocurrency has an inherent advantage relative to fiat money because
agents can trade with cryptocurrency everywhere but can only trade with fiat money in DM3. Then

the equilibrium outcomes can be expressed as:

, Zm (1 —K) )
> agoL(Zm g Z T “C_Tif 2 >0
im > azoL(— + T h ) if 2
, 2:.(1 — K) Zm  Ze(1 — R) ,
ie > agolL(———)+azoL(— 4+ —— “=7if 2.>0
20 L) e (v L+ p )
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Proposition 1.2. Given v and {a1, az, a3} s.t. a3 =0, ag, a3 € (0,1), and oy + a3 = 1, under
Assumptions[2.1|and[2.2] there exists a unique stationary equilibrium in which cryptocurrency and
fiat money are valued in the economy, and in which the price of cryptocurrency is constant and that
of fiat money changes at a constant rate s.t. pj,, = pt ,solongasfp <v<y= ag( -B)+p
and 0 < i = (o L(0) + 1)B(1 — k) — 1. The equilibrium outcomes are charactenzed by:

— wow! Zm—i-zcl—/f
7056 B ag[w’ ow™ ((BEZ'” + zcil — H;;; 1 (L7
Eelr e R S
' (p2) = KM (19)
3’ = w ' (Bz(1 — k) (1.10)
43 = wl(ﬁ%m + Bz.(1 — K)) L11)
A* = kM 1.12)

[Proof of Proposition [[.2]

Proof. Everything follows the Proof of Proposition 2] by replacing a; = 0. The parameter region
7 is obtained from with oy = = 0, and /i is obtained from (34) given v € (3, 7). Similarly,
the equilibrium outcomes can be uniquely determined by (L.7)-(.12)), given the functional forms
u(+),w(-), and model parameters, under Assumptions 2.1/ and

]

Since cryptocurrency can be used as a payment method everywhere, agents will carry it to
facilitate all kinds of transactions in decentralized markets, as long as it is not too costly to hold.
In order to give agents enough incentive to carry fiat money as well, the rate of return on fiat
money has to be sufficiently high, or the inflation rate sufficiently low, in the equilibrium with both

currencies in circulation.

1.2.2. Inherent Advantage to Fiat money

Symmetrically, suppose there are only DM1 and DM3 in the economy, i.e., e = 0, a1, a3 €
(0,1), and a; + a3 = 1. Then there is an inherent advantage to fiat money. The equilibrium
conditions (30)-(31) can be expressed as:

z¢(1 — R)

“=7if 2, >0
IT+p )

i > alaL(Z—m)+a30L(z—m
g
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io > agoL(Z  Zas TRy “—if 2 >0
Y

Proposition 1.3. Given vy and {1, s, a3} s.t. as = 0,a9,a3 € (0,1), and oy + a3 = 1, under
Assumptions[2.1|and[2.2] there exists a unique stationary equilibrium in which both cryptocurrency
and fiat money coexist in the economy, and in which the price of cryptocurrency is constant and
that of fiat money changes at a constant rate s.t. p},, = %pgn, so long as O%S(ﬁ -B)+B=4<

v <7 = PBaoL(0) + ﬁ The equilibrium outcomes are characterized by:

y—=8 u ow Tl (fEm) 1= B(1— k)

o al[m U500 (L13)
1-B(1—r)  wow (B +z(l —K))

m N Oés[w, o wl(ﬁ(% + 2.(1 = K))) —1] (1.14)

¢ (0F) = mM* (L15)

it =732 (L16)

¢ = wl(ﬁ%’sj + Bz(1 — K)) (1L.17)

AT =Rl (L18)

[Proof of Proposition [[.3]

Proof. In stationary, the real balance of each currency is constant. When M/}, = ~M;" and
My, = My, a stationary equilibrium in which z,, > 0 and 2z, > 0 exists, so long as ¥ < v < 7,
where 7 = Ba;0L(0) + =, is obtained from (35) with = ay = 0 and § = -(7=; — ) + B is
obtained from (34)) with i > 0. Following the Proof of Proposition 2] by replacing ay = 0, there
exists a unique set of equilibrium outcomes that satisfy (L.13)-(L.18)), under Assumptions and
[2.2] and given fundamentals of the model.

]

In this setting, agents will carry fiat money to facilitate all kinds of transactions in decentral-
ized meetings, as long as it is not too costly to hold. Agents will also carry cryptocurrency when
the rate of return on it is much higher than that on fiat money. That is, fiat money is issued at a

growth rate higher than a certain level, 7, and thus, has a high inflation rate in equilibrium.
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